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Units 
Hours in a week Target students Subject 

Total Practical Theory Third year 
students 

ERRORS THEORY 
AND 

ADJUSTMENTS 8 5 3 2 

 
 
 
 

 
1. General aims: 

In the first semester, the student will identify the types of errors in the 
measurement and the methods of processing them in the field. In the 
second semester, the student will identify the types of errors of the 
instrument and methods of processing of them in the field. 
 

 
2. Special aims: The students can be able to; 

A – Treatment of field errors that occur for surveying devices and thus 
obtaining high accuracy measurements. 

B – The use of scientific and mathematical methods in the treatment of 
errors. 

C – Use field methods in the treatment of errors. 
 
 
 

 
 
 
 

 
 

 
الفصل األول: ويتضمن   - 20 درجة امتحان فصلي نظري. )نصف السنة(.   
الفصل الثاني: ويتضمن   - 20 امتحان فصلي نظري. ةدرج   

 

أعمال السنة:   -  10 درجات )امتحانات سريعة + حضور الطالب(   
 

)فيكون السعي السنوي من   50 درجة(   
 

االمتحان النهائي:    -           50 درجة    

درجة( 011رجة النهائية من )فتكون الد  

The Aims 
 

 

 توزيع الدرجات خالل السنة:
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week Topics 

 الدقة وانواع االخطاء 1

 تصنيف االخطاء 2

 الخطأ االكثر احتماال 3

 المعادالت االعتيادية بثالث متغيرات 4

 حل المعادالت مع االوزان 5

 الطريقة البديلة لالختالف 6

 طريقة االرتباط 7

 طريقة اصغر مربعات 8

لمثلثاتتعديالت ا 9  

اوية المنفردةتصحيح الز 10  

 تصحيح المثلث الجيوديسي 11

 حساب الزيادة الكروية 12

 حساب اطراف المثلث الكروي 13

 تصحيح سلسلة المثلثات 14

 تصحيح متوازي االضالع الجيوديسي 15
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TYPES OF ERRORS 
Errors of measurement are of three kinds: (i) mistakes, (ii) systematic errors, and 

(iii) accidental errors. 
(i) Mistakes. Mistakes are errors that arise from inattention, inexperience, carelessness 

and poor judgment or confusion in the mind of the observer. If a mistake is undetected, 

it produces a serious effect on the final result. Hence every value to be recorded in the 

field must be checked by some independent field observation. 

(ii) Systematic Error. A systematic error is an error that under the same conditions will 

always be of the same size and sign. A systematic error always follows some definite 

mathematical or physical law, and a correction can be determined and applied. Such 

errors are of constant character and are regarded as positive or negative according as 

they make the result too great or too small. Their effect is therefore, cumulative. 

If undetected, systematic errors are very serious. Therefore: 

(1) All the surveying equipment’s must be designed and used so that whenever possible 

systematic errors will be automatically eliminated and (2) all systematic errors that 

cannot be surely eliminated by this means must be evaluated and their relationship to 

the conditions that cause them must be determined. For example, in ordinary leveling, 

the leveling instrument must first be adjusted so that the line of sight is as nearly 

horizontal as possible when bubble is centered. Also the horizontal lengths for back 

sight and foresight from each instrument position should be kept as nearly equal as 

possible. In precise leveling, every day, the actual error of the instrument must be 

determined by careful peg test, the length of each sight is measured by stadia and a 

correction to the result is applied.  

 

(iii) Accidental Error. Accidental errors are those which remain after mistakes and 

systematic errors have been eliminated and are caused by a combination of reasons 

beyond the ability of the observer to control. They tend sometimes in one direction and 

some times in the other, i.e., they are equally likely to make the apparent result too large 

or too small.  

An accidental error of a single determination is the difference between (1) the true 

value of the quantity and (2) a determination that is free from mistakes and systematic 

errors. Accidental error represents limit of precision in the determination of a value. 

They obey the laws of chance and therefore, must be handled according to the 

mathematical laws of probability.  
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The theory of errors that is discussed in this chapter deals only with the accidental errors 

after all the known errors are eliminated and accounted for. 
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DEFINITIONS 
The following are some of the terms which shall be used: 

1. Independent Quantity. An observed quantity may be classified as  

(i) Independent and  

(ii) Conditioned.  

An independent quantity is the one whose value is independent of the values of other 

quantities. It bears no relation with any other quantity and hence change in the other 

quantities does not affect the value of this quantity. Example: reclined levels of several 

bench marks. 

 

2. Conditioned Quantity. A conditioned quantity is the one whose value is dependent 

upon the values of one or more quantities. Its value bears a rigid relationship to some 

other quantity or quantities. It is also called a dependent quantity. For example, in a 

triangle ABC, LA + L B + L C = 180°. In this conditioned equation, any two angles 

may he regarded as independent and the third as dependent or conditioned. 

 

3. Direct Observation. An observation is the numerical value of a measured quantity, 

and may be either direct or indirect. A direct observation is the one made directly on the 

quantity being determined, e.g., the measurement of a base, the single measurement of 

an angle etc.  
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4. Indirect Observation. An indirect observation is one in which the observed value is 

deduced from the measurement of some related quantities, e.g., the measurement of 

angle by repetition (a multiple of the angle being measured.)  

 

5. Weight of an Observation. The weight of an observation is a number giving an 

indication of its precision and trustworthiness when making a comparison between 

several quantities of different worth. Thus, if a certain observation is of weight 4, it 

means that it is four times as much reliable as an observation of weight 1. When two 

quantities or observations are assumed to be equally reliable, the observed values are 

said to be of equal weight or of unit weight.  

 

Observations are called weighted when different weights are assigned to them. 

Observations are required to be weighted when they are made with unequal care and 

under dissimilar conditions. Weights are assigned to the observations or quantities 

observed in direct proportion to the number of observations.  

 

6. Observed Value of a Quantity. An observed value of a quantity is the value 

obtained when it is corrected for all the known errors.  

 

7. True Value of Quantity. The true value of a quantity is the value which is absolutely 

free from all the errors. The true value of a quantity is indeterminate since the true error 

is never known.  

 

8. Most Probable Value. The most probable value of a quantity is the one which has 

more chances of being true than has any other. It is deduced from the several 

measurements on which it is based.  

 

9. True Error. A true error is the difference between the true value of a quantity and its 

observed value. 
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10. Most Probable Error. The most probable error is defined as that quantity which 

added to, and subtracted from, the most probable value fixes the limits within which it is 

an even chance the true value of the measured quantity must lie.  

 

11. Residual Error. A residual error is the difference between the most probable value 

of a quantity and its observed value.  

12. Observation Equation. An observation equation is the relation between the 

observed quantity and its numerical value. 

 

13. Conditioned Equation. A conditioned equation is the equation expressing the 

relation existing between the several dependent quantities.  

 

14. Normal Equation. A normal equation is the one which is formed by multiplying 

each equation by the co-efficient of the unknown whose normal equation is to be found 

and by adding the equations thus formed. As the number of normal equations is the 

same as the number of unknowns, the most probable values of the unknown can he 

found from these equations.  
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The law of accidental errors:  

Investigations of observations of various types show that accidental errors follow a 

definite law, the law of probability. This law defines the occurrence of errors and can be 

expressed in the form of equation which is used to compute the probable value or the 

probable precision of a quantity accidental errors which usually occur are: 

(i) Small errors tend to be more frequent than the large ones; that is they are the 

most probable. 

(ii)  Positive and negative errors of the same size happen with equal frequency; 

that is, they are equally probable. 

(iii) Large errors occur infrequently and are impossible. 

 

 

 

 

 

Probability Curve: The theory of probability describes these features by stating that 

the relative frequencies of errors of different extents can he represented by a curve as 

shown below 

This curve, called the curve of error or probability curve, forms the basis for the 

mathematical derivation of theory of errors. The formula for probable error is difficult 

to derive. It is stated here categorically:  
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Probable error of a single measurement is given by  

𝐸𝑠=±0.6745√
∑𝑣2

𝑛−1
 

 

Where:  𝐸𝑠=Probable error of single observation. 

               v= Different between any single observation and the mean of the series.                                  

                 n= Number of observation in the series. 

Probable Error of an Average. Since the average of n measurement is the sum of the 

measurements divided by n, the probable error of the average of n measurements is 
√𝑛

𝑛
 

times the probable error of one measurement. Thus, probable error of an average or 

mean is given by  

  

𝐸𝑚=
√𝑛

𝑛
0.6745√

∑𝑣2

𝑛−1
=0.6745√

∑𝑣2

𝑛(𝑛−1)
 =

𝐸𝑠

√𝑛
 

Where:  𝐸𝑚=Probable error of the mean. 

Probable Error of a sum. When a measurement is the result of the sums and 

differences of several (n) observation having different probable errors E1, E2 E3  .. 𝐸𝑛, 

the probable error of the measurement is the square root of the sum of the squares of the 

probable errors of the several observation. Thus, 

 

Probable error of the measurement=√𝐸1
2 + 𝐸2

2+𝐸3
3 + ⋯ 𝐸𝑛

2 

Most probable Value. As defined earlier the most probable value of a quantity is the 

one which has more chances of being true than any other. It can be prove from the 

theory of errors that: 

1- The most probable value of a quantity is equal to the arithmetic mean if the 

observations are of equal weight. 

2- The most probable value of a quantity is equal to the weighted arithmetic mean in 

case of observations of unequal weights. 

Mean in case of observation of unequal weights. 

Average Error. An average error in a series of observation of equal weight is defined 

as the arithmetic mean of separate errors, taken all with the same sign, either plus or 

minus. 

Mean square error (m.s.e.).The mean square error is equal to the square root of the 

arithmetic mean of the squares of the individual errors. 

 

Thus, m.s.e. = ±√𝑣1
2+𝑣2

2+𝑣3
2…

𝑛
 = ±√

∑𝑣2

𝑛
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Example: - in carrying a line of levels across a river, the following eight readings were 

taken with a level under identical conditions: 

2.322, 2.346, 2.352, 2.306, 2.312, 2.300, 2.306, 2.326. 

Calculate 1- the probable error of single observation. 

                      2 – The probable error of the mean  

Solution: 

The computation for v and 𝑣2 are arranged in the tabular from below: 

Rod reading v 

(m) 
𝑣2 

2.322 

2.346 

2.352 

2.306 

2.312 

2.300 

2.306 

2.326 

0.001 

0.025 

0.031 

0.015 

0.009 

0.021 

0.015 

0.005 

0.000001 

0.000625 

0.000961 

0.000225 

0.000081 

0.000441 

0.000225 

0.000025 

Mean : 2.321  ∑𝑣2=0.002584 

 

 𝐸𝑠=±0.6745√
0.002584

8−1
 =± 0.01295 metre 

 

𝐸𝑚 =
𝐸𝑠

√𝑛
 =±

0.01295 

√8
 =± o.00458 metre 

 

3. If a computed quantity is equal to the sum of two or more observed quantities, the 

p.e. the computed quantity is equal to the square root of sum of the square of  p.e. ‘s of 

observed quantities 

Let  

                    𝑥1 , 𝑥2, 𝑥3 … be the observed quantities  

                     y= computed quantity 

Such that      y=𝑥1 , 𝑥2, 𝑥3 … 

Then             𝑒𝑦=√𝑒𝑥1
2 + 𝑒𝑥2

2 + 𝑒𝑥3
2 … 

Where           𝑒𝑦= p.e. of the computed quantity 

𝑒𝑥1, 𝑒𝑥2, 𝑒𝑥3 … etc = p.e. of the observed quantities 
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For example, let A+B+C=180° 

                                          A=30°30´12̋±0˝.2 

 B=68°45´48̋±0˝.6 

 C=80°44´00̋±0˝.4 

To determine the probable error of the summation. 

Now                              y= A+B+C=180° 

 𝑒𝑦=√𝑒𝑎
2 + 𝑒𝑏

2 + 𝑒𝑐
2 … =√(0.2)2+(0.6)2 + (0.4)2 

 =√0.56 =± 0̋.75 =p.e. of the summation 

4. If a computed quantity is a function of an observed quantity, its probable error is 

obtained by multiplying the p.e. of the observed quantity with its differentiation with 

respect to that quantity. 

 Let                                        x=observed quantity  ; y= computed quantity  

Such that                                 y=f(x) 

Then                                      𝑒𝑦=
𝑑𝑦

𝑑𝑥
𝑒𝑥 

For example let A=4.6 B 

                            B=2.2 (observed) 

                           p.e. of B=± 0.02 

 Now                    A=4.6 B 

                              
𝑑𝐴

𝑑𝐵
 = 4.6 

                                 𝑒𝑎=4.6  𝑒𝑏=4.6 (±0.02) =± 0.092  

Which is the same as found by rule 2. 

5. If a computed quantity is a function of two more observed quantities, its probable 

error is equal to the square root of summation of the square of the p.e. of the observed 

quantity multiplied by its differentiation with respect to that quantity. 

Let                                            y= computed quantity  

                                           𝑥1 , 𝑥2, 𝑥3 … etc observed quantities  

 Such that                            y=f ( 𝑥1 , 𝑥2, 𝑥3 … etc) 

Then            𝑒𝑦=√(𝑒𝑥1
𝑑𝑦

𝑑𝑥1
)2 + (𝑒𝑥2

𝑑𝑦

𝑑𝑥2
)2 + (𝑒𝑥3

𝑑𝑦

𝑑𝑥3
)2  

Where 𝑒𝑦=probable error of the computed quantity 

𝑒𝑥1, 𝑒𝑥2, 𝑒𝑥3= probable errors of observed quantities. 

For example, let A=4B*C; B=22±0.02; C=10±0.01 

Now                     A=4BC 

                              
𝑑𝐴

𝑑𝐵
=4C = 4* 10 =40 

                              
𝑑𝐴

𝑑𝐶
=4B =4*22=88 

                                𝑒𝑎=√(𝑒𝑏
𝑑𝐴

𝑑𝐵
)2 + (𝑒𝑐

𝑑𝐴

𝑑𝐶
)2 

 = √(0.02 ∗ 40)2 + (0.01 ∗ 88)2=√1.415=±1.19 

 

Example 9.1.The following are the observed values of an angle:  

Angle                                          Weight  
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40°20´20̋ 2 

40°20´18̋ 2 

40°20´19̋ 3 

Find: (a) p.e. of single observation of unit weight  

           (b) p.e. of weighted arithmetic mean 

            (c) p.e. of single observation of weight 3. 

Solution. 

The computations are arranged in the tabular from below. Since the error is in second 

only, the degrees and minutes of the quantities have not been included in the tabular 

Value Weight Value*Weight v 𝑣2 w𝑣2 
 

20̋ 

18̋ 

19̋ 

2 

2 

3 

40̋ 

36̋ 

57̋ 

+1 

-1 

0 

1 

1 

0 

2 

2 

0 

 ∑w=7 Weighted mean =19 ˝   ∑ w𝑣2=4 

In the above table, 

Weighted arithmetic mean of the seconds reading of the observed angles  

=
(20˝∗2)+(18˝∗2)+(19˝∗2)

2+2+3
 =

40˝+36˝+57˝

7
=

133˝

7
 =19̋ 

𝑣1=20̋-19̋=1̋;  𝑣2=18̋-19̋=-1̋; 𝑣1=19̋-19̋=0 

(a) P.e. of single observation of unit weight =𝐸𝑠 

 

=±0.6745√
∑ w𝑣2

𝑛−1
 =±0.6745√

4

3−1
 =±0.95 

(b) P.e. of weighted arithmetic mean 

=±0.6745√
∑ w𝑣2

∑𝑤(𝑛−1)
 =±0.6745√

4

7∗2
 =±0.36 

(c) P.e. of single observation of weight 3 

=
𝐸𝑠

√𝑤
= -

0.95

√3
= ± 0.55  

 

 

Example 9.4. An angle A was measured by different persons and the following are the 

values : 

Angles                                                   Number of measurements 

65˚30´10̋ 2 

65˚29´50̋ 3 

65˚30´00̋ 3 

65˚30´20˝ 4 

65˚30´10˝ 3 

Find the most probable value of the angle. 
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Solution. As stated earlier, the most probable value of an angle is equal to its weighted 

arithmetic mean. 

65˚30´10̋*2=131˚00´20̋ 

65˚29´50̋*3=196˚29´30̋ 

65˚30´00̋*3=196˚30´00̋ 

65˚30´20˝*4=262˚01´20˝ 

65˚30´10˝*3=196˚30´30˝ 

                       _________________ 

Sum=982˚31´40̋ 

 ∑weight =2+3+3+4+3 =15 

Weight arithmetic mean =
982˚31´40˝

15
 =65˚30´6˝.67 

Hence most probable value of the angle =65˚30´6˝.67 

 

Example 9.5. Adjust the following angles closing the horizon: 

A= 110˚20´48̋ wt. 4 

B=92˚30´12̋ wt. 1 

C=56˚12´00̋ wt. 2 

D=100˚57´04̋ wt. 3 

 

Solution.  Sum of the observed angles =360˚00´04̋ 

Error =+ 4̋ 

Total correction =-4̋ 

This error of 4˝ will be distributed to the angles in an inverse proportion to their 

weights. 

Let𝑐1, 𝑐2, 𝑐3 and 𝑐4 be the correction to the observed angles A,  B, C, and D 

respectively . 

𝑐1: 𝑐2: 𝑐3 : 𝑐4=
1

4
:
1

1
:
1

2
:
1

3
 

or 𝑐1: 𝑐2: 𝑐3 : 𝑐4=1:4:2:
4

3
 

𝐴𝑙𝑠𝑜 𝑐1+𝑐2+𝑐3 + 𝑐4=4 ˝ 
From (1), we have 

𝑐2=4𝑐1   ; 𝑐3=2𝑐1   ; 𝑐4=
4

3
𝑐1    

Substituting these values of𝑐2, 𝑐3 and 𝑐4 in (2), we get  

𝑐1+4𝑐1+2𝑐1+
4

3
𝑐1=4 

𝑐1(1+4+2+
4

3
)=4 

𝐻𝑒𝑛𝑐𝑒                                                     𝑐1=
4∗3

25
 =

12

 25
 =0˝.48 

𝑐2=4𝑐1=1˝.92 

𝑐3=2𝑐1 =0˝.96 

𝑐4=
4

3
𝑐1=0˝.64 
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Hence the corrected angles are  

A=110˚20´48̋-0˝.48=110˚20´47̋.52 

B=92˚30´12̋-1˝.92=92˚30´10̋.08 

C=56˚12´00̋ -0˝.96=56˚11´59̋.04 

D=100˚57´04̋ -0˝.64=100˚57´03̋.36 

                        ____________________ 

                   Sum=360˚00´00 
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9.8. NORMAL EQUATIONS 

A normal equation is the one which is formed by multiplying each equation by the 

coefficient of the unknown whose normal equation is to be found and by adding the 

equation thus formed. As the number of normal equations is the same as the number of 

unknowns, the most probable values of the unknowns can be found from the equation. 

Consider a round of angles observed at a central station, the horizon closing with three 

angles x, y, and z, which are geometrically fixed by the condition equation  

                                                x + y +z=360˚=-d (say) 

If all angles are of equal weight, the error e in the round will be (x + y +z +d). The most 

probable value of each angle can then be obtained by applying a correction of   
1

3
 e to 

each observed angle. 

If, however, one angle is measured directly and the others indirectly, the error equation 

takes the form 

                                          e =(ax +by +cz +d)   

If the measurements are repeated, giving different values (𝑥1, 𝑦1, 𝑧1) , (𝑥2, 𝑦2, 𝑧2), (𝑥3, 

𝑦3, 𝑧3) etc., then we have  

𝑒1=a𝑥1+b𝑦1+c𝑧1 +d            ; 𝑒2=a𝑥2+b𝑦2+c𝑧2 +d     ; 𝑒3=a𝑥3+b𝑦3+c𝑧3 +d   etc. 

By the theory of least squares, 

∑e2=∑ (ax +by +cz +d)2 should be minimum 

Differentiating this, in order, with respect x, y and z, and equation each expression so 

obtained to zero, we get 

∑a(ax +by +cz +d) =0  (Normal equation of x) 

∑b(ax +by +cz +d) =0  (Normal equation of y) 

∑c(ax +by +cz +d) =0  (Normal equation of z) 

Equations (2), (3) and (4) are nothing but the fundamental equation (1) multiplied by the 

coefficient of x, y and z respectively. 

These equations are known as the normal equations the solution of which will lead to 

the most probable value of x, y and z. 

Thus, equation (2) is the normal equation in x, equation (3) is the normal equation for y, 

and equation (4) is the normal equation for z. 
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Now,               ∑a (ax +by +cz +d) = a [(a𝑥1+b𝑦1+c𝑧1 +d) + (a𝑥2+b𝑦2+c𝑧2 +d) + 

(a𝑥3+b𝑦3+c𝑧3 +d) + …] 

Similarly,         ∑b (ax +by +cz +d) = a [(a𝑥1+b𝑦1+c𝑧1 +d) + (a𝑥2+b𝑦2+c𝑧2 +d) + 

(a𝑥3+b𝑦3+c𝑧3 +d) + …] 

And                  ∑c (ax +by +cz +d) = a [(a𝑥1+b𝑦1+c𝑧1 +d) + (a𝑥2+b𝑦2+c𝑧2 +d) + 

(a𝑥3+b𝑦3+c𝑧3 +d) + …] 

Hence if the observations are of equal weight, we derive the following rule for forming 

the normal equations: 

Rule 1. To form a normal equation for each of the unknown quantities, multiply 

each observation equation by the algebraic co-efficient of that unknown quantity 

in that equation, and add the results. 

If, however, each set of the observation (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2)  (𝑥𝑛, 𝑦𝑛, 𝑧𝑛) have 

different weights 𝑤1, 𝑤2, …. 𝑤𝑛 respectively, the error equations will take the 

following from  

𝑒1=a𝑥1+b𝑦1+c𝑧1 +d              (weight 𝑤1) 

𝑒2=a𝑥2+b𝑦2+c𝑧2 +d             (weight 𝑤2) 

.     .         .       .       .                       . 

𝑒𝑛=a𝑥𝑛+b𝑦𝑛+c𝑧𝑛 +d             (weight 𝑤𝑛) 

  

By the theory of least squares,  

∑we2=∑ w (ax +by +cz +d)2 should be a minimum  

Differentiating this in order with respect to x, y, z, and equating each expression so 

obtained to zero, we get  

∑wa (ax +by +cz +d) = 0     (Normal equation of x)        … (II) 

∑wb (ax +by +cz +d) = 0     (Normal equation of y)        … (III) 

∑wc (ax +by +cz +d) = 0     (Normal equation of z)        … (IV) 

Equations (II), (III) and (IV) are nothing but the fundamental equation (I) multiplied by 

coefficients of x, y and z respectively, and the weight of each equation. These are 

therefore normal equations in x, y and z respectively.  

Now   ∑wa (ax +by +cz +d) = a[ 𝑤1(a𝑥1+b𝑦1+c𝑧1 +d)+  𝑤2 (a𝑥2+b𝑦2+c𝑧2 +d) … +                         

 𝑤𝑛(a𝑥𝑛+b𝑦𝑛+c𝑧𝑛 +d)]              

∑wb (ax +by +cz +d) = b[ 𝑤1(a𝑥1+b𝑦1+c𝑧1 +d)+  𝑤2 (a𝑥2+b𝑦2+c𝑧2 +d) … +                         

 𝑤𝑛(a𝑥𝑛+b𝑦𝑛+c𝑧𝑛 +d)]              

∑wc (ax +by +cz +d) = c[ 𝑤1(a𝑥1+b𝑦1+c𝑧1 +d)+  𝑤2 (a𝑥2+b𝑦2+c𝑧2 +d) … +                         

 𝑤𝑛(a𝑥𝑛+b𝑦𝑛+c𝑧𝑛 +d)]              

Hence if the observation equations are of different weights, we derive the following rule 

for forming the normal equations: 

Rule 2. To form the normal equation for each of the unknown quantities, multiply 

each observation equation by the product of the algebraic coefficient of that 

unknown quantity in that equation and the weight of that observation and add the 

results.  

Example 9.6 (a) form the normal equations for x, y and z in the following equations of 

equal weight: 
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 3x+3y+z-4=0   (1) 

 x+2y+2z-6=0 (2) 

 5x+y+4z-21=0 (3) 

(b) If the weights of the above equations are 2, 3 and 1 respectively, from the normal 

equations for x, y and z.  

Solution.  

(a)  The normal equation of an unknown quantity is formed by multiplying each 

equation by the algebraic coefficient of that unknown quantity in that equation 

and adding the result.  

Thus, in equations (1), (2) and (3) the coefficients of x are 3, 1 and 5 respectively. 

Hence  

9x+9y+3z-12=0 

x+2y+2z-6=0 

25x+5y+20z-105=0 

_________________ 

Normal equation for x is 35x + 16y + 25 z -123 = 0                              … (1) 

Similarly, the coefficients for y are 3, 2 and 1.  

 

Example 9.7 Find the most probable value of the angle A from the following 

observation equation:  

A=30˚28´40̋;  3A=91˚25´55̋       ;    4A=121˚54´30̋   

Solution. 

There is only one unknown, and all the observations are of equal weight. The 

coefficients of A in the three equations are 1, 3 and 4. Hence multiply these equations 

by 1, 3 and 4 respectively and add the resulting equation to get the normal equation for 

A  

Thus,   A=30˚28´40̋ 

 9A=274˚17´45̋ 

 16A=487˚38´00̋ 

                                  ______________ 

                                 26A=792˚24´25̋ (Normal equation in A) 

 A=30˚28´37̋.9 

Alternative Solution  

From first equation     A=30˚28´40̋ , weight 1 

From second equation, A=
91˚25´55˝ 

3
 

                                           =30° 28´ 38̋.33  

Weight =
1

(
1

3
)2

  =9 

From third equation, A=
121˚54´30˝  

4
 = 30° 28´ 37̋.5  

Weight =
1

(
1

4
)2

  = 16 

Sum of weights =1+9+16=26 
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Weighted mean (A) = 30° 28´ + 
1

26
 [(40 * 1) + (38.33 * 9) + (37.5 * 16)] = 30°28´+37̋.9 

= 30° 28´ 37̋.9 

Example 9.8. Find the most probable value of the angle A from the following 

observation equations: 

A= 30° 28´40̋ weight 2.  

3A=91 ° 25´55̋ weight 3. 

 

Solution.  

There is only one unknown. However, the observations are of unequal weight. The 

normal equation can be formed by multiplying each of the two observation equations by 

the corresponding weight and coefficient of A, and adding them.  

 

‘Thus, in the first equation, coefficient of A is 1 and weight of observation is 2. 

Hence multiply it by 2(=2*1) . Similarly, in the second equation, the co-efficient of 

A is 3 and the weight of the observation is 3. Hence multiply it by 9(=3* 3). Thus, we 

have 

2A= 60˚57´ 20̋ 

27 A = 822˚ 53´ 15̋ 

29 A = 883° 50´ 35̋ (Normal equation in A) 

Or                                                 A= 30° 28´ 38̋.5  

Alternative Solation 

From Eq. (1)                             A= 30° 28´40̋ , weigh 2 

From Eq. (2),                            A=
90˚25´55˝ 

3
     =30° 28´ 38̋.33  

                                               Weight =
3

(
1

3
)2

  =27 

 

Sum of weighs= 2+ 27=29 

A= 30˚ 28´ + 
1

29
[(40 * 2) + (38.33 * 27)]= 30° 28´ 38̋.45. 

Example 9.9. Find the most probable values of the angles A and B from the following 

observations at a station O : 

A= 9°48´36̋.6                  weight 2           (1) 

B= 54° 37´48̋. 3              weigh 3            (2) 

A+B=104° 26´28̋.5         weigh 4.           (3)                               (B.U.) 

Solation.  

There are two unknowns A and B and both are independent of each other, and there will 

be two normal equations. 

Two find the normal equation for A multiply equation (1) by 2 (since co-efficient 

Of A * weight = 1 * 2 = 2), equation (2).by zero, (since co-efficient of A is zero) and 

equation (3) by 4 (since the co-efficient of A*weights 1x4=4) . Thus, we have 

                        2A = 99°37 ´13̋.2 

and          4A+4 B= 417°45 ´54̋.0 

                 __________________ 
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             6A+4 B=5I7˚ 23´ 07̋.2. ...1 (Normal Eq. for A) 

Similarity, to find the normal  equation for B, multiply equation (1) by zero (since the 

coefficient of 3 is zero), equation (2) by 3 and equation (3) by 4. Thus, 

3 B= 163° 53´ 24̋.9 

4A+4B = 417˚ 45´ 54̋.0 

____________________ 

 4A+7B=581°39´ 18̋.9    … II(Normal Eq. for B) 

 

Hence the normal equations are 

6A+4B=517°23´ 7̋.2    I 

4A+7B=581°39´ 18̋.9     II 

To solve these for A and B, multiply I by 2 and II by 3. Thus, 

12A+ 8 B=1034° 46´ 14̋.4  1 

12A+21 B= 1744° 57´ 56̋.7  2 

Subtracting (1) from (2), we get : 

13B = 710° 11´ 42".3 

B= 54° 37´ 49̋.4 . 

Substituting value of B in (1), we get . 

A= 49˚ 48´ 38".3.  

Example 9.10. The following are mean values observed in the measurement of  three 

angles 𝛼, 𝛽 and 𝛾 at one station ;  

𝛼 = 76° 42'46̋.2                  with weight 4  

𝛼 + 𝛽 = 134° 36´32".6          with weight 3 

𝛽 + 𝛾 = 185° 35´24̋.8          with weight 2 

𝛼 +  𝛽 + 𝛾 = 262° 18´10̋.4   with weight I 

Calculate the most probable value of each angle. (U.L.) 

Solution.  

To form the normal equation for unknown, multiply each equation by the coefficient of 

that unknown and also by the weight of the equation, and take the sum of the resulting 

equations.  

Thus, forming normal equation for a for we ‘have. 

4𝛼 = 306° 51´04̋.8 

3𝛼 + 3𝛽 = 403° 49´37".8  

𝛼 +  𝛽 + 𝛾 = 262° 18´10̋.4    

________________ 

8𝛼 +4 𝛽 + 𝛾 =972° 58´ 53̋.0 ... (Normal equation for 𝛼) . 

Forming normal equation for 𝛽, we have .  

3𝛼 + 3𝛽 = 403° 49´37".8  

2𝛽 + 2𝛾 = 371° 10´49̋.6 

𝛼 +  𝛽 + 𝛾 = 262° 18´10̋.4   

____________________  

4𝛼 +6 𝛽 + 3𝛾 =1037° 18´ 37̋.8 ... (Normal equation for 𝛽) . 
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Forming normal equation for 𝛾 we have  

2𝛽 + 2𝛾 = 371° 10´49̋.6 

𝛼 +  𝛽 + 𝛾 = 262° 18´10̋.4   

______________________ 

𝛼 +3 𝛽 + 3𝛾 =633° 29´ 00̋.0 ... (Normal equation for  ) . 

Hence the three normal equations are 

8𝛼 +4 𝛽 + 𝛾 =972° 58´ 53̋.0  

4𝛼 +6 𝛽 + 3𝛾 =1037° 18´ 37̋.8  

𝛼 +3 𝛽 + 3𝛾 =633° 29´ 00̋.0  

Solving the above three equations simultaneously for 𝛼, 𝛽 and 𝛾 we get 

𝛼 = 76° 42´ 46̋.17 

𝛽 = 57° 53´ 46̋.13  

𝛾 = 127° 41´ 38̋.26 
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9.10. ALTERNATIVE METHOD OF DIFFERENCES 
The above direct method of solving the normal equations is very laborious since it 

involves large numbers. In order to make them as small as possible, we can solve the 

equation by method of differences. A set of values is assumed for the most probable 

values of the unknown quantities and the most probable series of errors are determined 

by normal equations. The errors so found are then added algebraically to the observed 

values to get the most probable values of the measurement. The procedure for the 

solution of the problem is as follows :  

(I) Let 𝑘1, 𝑘2,𝑘3 etc. be the corrections (or the residual errors) to the observed values.  

(2) Replace the observation equations by equations in terms of 𝑘1, 𝑘2,𝑘3  etc., to express 

the discrepancy between the observed results and those given by the assumed values, 

always subtracting the latter from the former. 

(3) Form the normal equations in terms of 𝑘1, 𝑘2,𝑘3  etc. and solve them to get 𝑘1, 

𝑘2,𝑘3 etc. 

(4) add these algebraically to the quantities to get their most probable values. 

Example 9.11. The following observations of three angles A, B and C were taken at 

one station: 

A= 75° 32´46̋.3             with weight 3 

B= 55° 09'53̋.2              with weight 2 
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C= 108 ° 09´28̋.8          with weight 2 

A+ B= 130° 42´41̋.6      with weight 2 

B+ C= 163° 19´22̋.5        with weight 1 

A+B+C= 238° 52´ 9̋.8      with weight 1 

Determine the most probable value of each angle. 

Solution.  

Let 𝑘1, 𝑘2,𝑘3  be the most probable correction to A, B and C. Then the most probable 

values of A, B and C are : 

A= 75° 32´ 46̋.3 +𝑘1                                                                                       … (1) 

 B= 55° 09´ 53̋.2 + 𝑘2                                                                                      … (2) 

C= 108 ° 09´28̋.8 +  𝑘3                                                                                    … (3)  

A+B =130° 42´41̋.6 +𝑘1 + 𝑘2,   by adding (1) and (2).                                    … (4) 

B+ C= 163° 19´22̋.5 +𝑘2  + 𝑘3  by adding (2) and (3).                                    … (5) 

and  A+B+C= 238° 52´ 9̋.8+𝑘1 + 𝑘2,+𝑘3  by adding (1), (2) and (3).                 ...(6) 

Subtracting these from the corresponding observation equations, we get the following 

reduced observation equations : 

 

 

𝑘1                                    = 0   weight 3  

            𝑘2                      =0    weight 2 

                     𝑘3                 =0    weight 2  

𝑘1 +     𝑘2,                    =+2 ˝.1 weight 2 

            𝑘2  + 𝑘3          =+0 ˝.5 weight 1 

𝑘1 +    𝑘2,+   𝑘3           =+1 ˝.5 weight 1 

Normal equation of 𝑘1  : 

3𝑘1                                    = 0    

2𝑘1 +     2𝑘2,                    =+4 ˝.2 

 𝑘1 +    𝑘2,+   𝑘3           =+1 ˝.5  

_________________________ 

6𝑘1 +    3𝑘2,+   𝑘3           =+5.7 

Normal equation for 𝑘2  : 

                  𝑘2                      =0     

2𝑘1 +     2𝑘2,                    =+4 ˝.2 

            𝑘2  + 𝑘3          =+0 ˝.5  

𝑘1 +    𝑘2,+   𝑘3           =+1 ˝.5  

_____________________ 

3𝑘1 +    6𝑘2,+   2𝑘3           =+6.2 

Normal equation for 𝑘3  : 

                      2𝑘3                 =0 

            𝑘2  + 𝑘3          =+0 ˝.5  

𝑘1 +    𝑘2,+   𝑘3           =+1 ˝.5  

__________________ 
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𝑘1 +    2𝑘2,+   4𝑘3           =+2.0 

 Hence the three normal equations are : 

6𝑘1 +    3𝑘2,+   𝑘3           =+5.7 

3𝑘1 +    6𝑘2,+   2𝑘3           =+6.2 

𝑘1 +    2𝑘2,+   4𝑘3           =+2.0 

Solving: the simukaneously for 𝑘1 , 𝑘2, and 𝑘3  , we get 

𝑘1  = + 0̋.58 

𝑘2 = + 0̋.75  

𝑘3  =- 0̋.02 

Hence the most probable values of A, B and C are 

A= 75° 32' 46".3 +0".58 = 75° 32´ 46̋.88 

B=55° 09´ 53̋.2+0̋.75 = 55° 09´ 53̋.95 

C= 108° 09´28̋.8 - 0̋.02 = 108° 09´ 28̋.78. 

Example 9.12. The following are the- observed values of A, B and C at a station, the 

angles being subject to the condition that A+B=C : 

A=30° 12´ 28̋.2 

B= 35° 48´ 12̋.6 

C= 66 ° 0´44̋.4  

Find the most probable values of A, B and C. 

Solution. 

To avoid the condition equation A + B = C, we can write the third observation equation 

as 

A+ B= 66° 0´ 44̋.4 

Hence the three observation equations are : 

A= 30° 12´ 28̋.2                                                    … (1) 

 B= 35° 48´ 12̋.6 … (2) 

A+ B=  66° 0´ 44̋.4 … (3) 

Normal equation for A : 

A= 30° 12´ 28̋.2                                                     

A+ B= 66° 0´ 44̋.4 

____________________ 

2 A+ B= 96˚13´ 12̋.6 (Normal equation for A) 

 Normal equation for B 

B= 35° 48´ 12̋.6  

A+ B= 66° 0´ 44̋.4 

___________________ 

A +2B = 101° 48´ 57̋.0 (Normal equation for B) 

Hence the two normal equations are : 

2 A+ B= 96˚13´ 12̋.6  

A +2B = 101° 48´ 57̋.0  

Solving these, we get 

A= 30° 12´ 29̋.4                                                    
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 B= 35° 48´ 13̋.8 

C=A+ B= 66° 0´ 43̋.2 

Example 9.13. Find the most probable values of angles A, B and C of triangle ABC 

from the following observation equations: 

A= 68° 12´36̋ 

B= 53° 46´12̋ 

C=58° 01´16̋ 

 

Solution. 

 The condition equation is 

A + B + C = 180° 

 From which C= 180° - (A + B)  

Thus, the third unknown C can be eliminated writing one more observation equation; 

             C = 180° - (A + B) = 58° 01' 16" 

or         A+B=180° - 58° 01' 16" =121° 58' 44"  

Hence, the new observation equations are: 

            A = 68° 12' 36" 

            B = 53° 46'12" 

And     A + B = 121° 58' 44" 

Normal equation for A: 

A= 68° 12' 36" 

 A + B = 121° 58' 44" 

________________ 

2 A + B = 190° 11' 20"  

Normal equation for B : 

              B =53° 46' 12"  

A + B = 121° 58' 44" 

________________ 

A +2 B = 175° 44' 56"  

Hence, the normal equations are : 

2A + B= 190° 11' 20" 

A + 2B = 175° 44' 56"  

Solving these, we get 

A 68° 12' 34".7 

B = 53° 46' 10".6  

C = 180° - (A + B) = 180° - (68° 12'34" 7 + 53° 46' 10" 6) = 58° 1' 14".7 

 Alternative Solution 

A = 68° 12' 36" 

 B = 53° 46' 12"  

C = 58° 01' 16" 

_______________ 

A + B + C = 180° 0' 04" 

Total correction - 4" 



 

 

24 

 

" ERRORS THEORY AND ADJUSTMENTS " Assist. Lccturer Arjan Sh. Omer Surveying Eng. Dept / Third Year 

Since the weight of each of the observations is equal, the corrections will be equally 

divided. 

Hence corrected A (most probable values of A) 

            = 68° 12' 36"-1".33 = 68° 12' 34".67 

          B = 53° 46' 12"-1".33 = 53° 46' 10".67 

 And  C =58° 01' 16"-1".33 - 58° 01' 14".67  

Example 9.14. The angles of a triangle ABC were recorded as follows: 

                         A = 77° 14' 20" weight 4  

                         B = 49° 40'35" weight 3 

                          C= 53°04'52" weight 2  

Give the corrected values of the angles. (K.U.) 

Solution.  
The condition equation is 

A + B + C = 180°                        or             C = 180° - (A + B)                                 Thus, 

the unknown C can be eliminated by forming one more observation equation in terms of 

the two unknowns A and B : 

C = 180° - (A + B) = 53° 4' 52"  

or A + B = 180° - 53° 4' 52" = 126° 55' 8"  

Hence the observation equations are : 

A = 77° 14' 20" (weight 4) 

B = 49° 40' 35" (weight 3) 

A + B = 126° 55' 08" (weight 2) 

 Normal equation for A: 

4A = 308° 57' 20"  

2 A+2 B = 253° 50' 16" 

_____________________ 

      6 A +2 B = 562° 47' 36" 

Or 3A + B = 281° 23' 48"  

Normal equation for B : 

          3 B = 149° 01' 45"  

2 A+ 2 B = 253° 50' 16" 

______________________ 

2 A + 5 B = 402° 52' 01"  

Hence, the normal equations are : 

        3 A + B = 281° 23' 48" 

And 2 A + 5 B = 402° 52' 01"  

Solving the above simultaneously for A and B. we get 

                         A = 77° 14' 23" 

                     B = 49° 40' 39"  

                    C =180° - (A + B) =180° - (77° 14' 23" + 49° 40' 39") = -3° 4' 58" 

Alternative Solution 

The problem can be solved by the method of differences, thus simplifying the 

calculation work. The reduced observation equations are : 

                  A = 77° 14' 20"  
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                  B = 49° 40' 35" 

          A + B = 126° 55'08" 

 Let 𝑘1 and 𝑘2 be the corrections to A and B so that the most probable values of        A, 

B and (A + B) are:  

                       A = 77° 14' 20" + 𝑘1 

                       B = 49° 40' 35"        +𝑘2 

                         ___________________ 

                    A + B = 126° 54' 55" + 𝑘1 + 𝑘2  

Subtracting these from the corresponding observation equations, we get 

𝑘1             = 0 ...(wt. 4) 

         𝑘2     = 0 ...(wt. 3) 

𝑘1 + 𝑘2  = + 13" ...(wt. 2)  

Normal equation for 𝑘1: 

           4 𝑘1                 = 0 

           2𝑘1 + 2 𝑘2 =+ 26" 

___________________ 

6 𝑘1 + 2 𝑘2 = + 26"  

Normal equation for 𝑘2 : 

            3 𝑘2 = 0  

2 𝑘1 + 2 𝑘2 = +26" 

___________________ 

2 𝑘1+5 𝑘2 - + 26"  

Hence the normal equations are : 

            6 𝑘1 + 2 𝑘2= + 26"  

And     2 𝑘1 + 5 𝑘2 = + 26"  

Solving which, we get 𝑘2= +4" ;     𝑘1= + 3" 

Applying these corrections to the observed angles, we get the most probable values as 

follows: 

                                A = 77° 14' 23"  

                                B = 49° 40' 39" 

                                C = 53° 4' 58". 

 Example 9.15. The following angles were measured at a station O so as to close the 

horizon: 

<AOB = 83° 42' 28".75 weight 3  

<BOC = 102° 15' 43".26 weight 2 

<COD = 94° 38'27".22 weight 4 

<DOA = 79° 23'23".77 weight 2. Adjust the angles. (K.U.)  

Solution. The condition equation is 

<AOB + <BOC + <COD + <DOA = 360° 

<DOA= 360° - (<AOB + <BOC + <COD)  

Hence 79° 23' 23".77 = 360° - (<AOB + <BOC + <COD)  

Or <AOB+ < BOC+ <COD 360° - 79° 23' 23".77 = 280° 36' 36".23  

Hence the observation equation are :  

<AOB = 83° 42' 28".75 wt. 3 
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<BOC = 102° 15' 43".26 wt. 2 

<COD = 94° 38' 27" 22 wt. 4 

 <AOB+< BOC+<COD = 280° 36' 36".23 wt. 2 

Let 𝑘1, 𝑘2, 𝑘3, be the corrections to the assumed values of <AOB, <BOC and <COD, so 

that their most probable values are: 

 <AOB - 83° 42' 28".75 + 𝑘1 

<BOC = 102° 15' 43".26 + 𝑘2 

<COD =94° 38' 27".22+𝑘3 

__________________________ 

<AOB+< BOC+<COD = 280° 36' 39".23 + 𝑘1+ 𝑘2 +𝑘3;  

Subtracting these from the corresponding observation equations, we get 

𝑘1= 0 Wt. 3  

𝑘2 = 0 wt. 2 

𝑘3 = 0 wt. 4 

𝑘1 + 𝑘2 + 𝑘3 = - 3' wt. 2  

Normal equation for 𝑘1: 

3 𝑘1        =0  

2𝑘1 + 2 𝑘2 + 2 𝑘3 =-6 

______________________ 

5𝑘1+ 2 𝑘2 + 2 𝑘3 = -6  

Normal equation for 𝑘2 : 

              𝑘2 = 0  

2 𝑘1 + 2 𝑘2 + 2 𝑘3 = -6 

______________________ 

2𝑘1 + 4 𝑘2 + 2 𝑘3 =- 6  

Normal equation for 𝑘3 : 

                  4𝑘3 = 0  

2 𝑘1 + 2 𝑘2+ 2 𝑘3= -6 

__________________ 

2 𝑘1 + 2 𝑘2+ 6 𝑘3= -6 

Hence the three normal equations for  𝑘1 , 𝑘2, 𝑘3 are 

5𝑘1 + 2 𝑘2 + 2 𝑘3 =-6  

2 𝑘1 + 4 𝑘2+ 2 𝑘3 = -6 

2 𝑘1+2 𝑘2 + 6𝑘3 = -6  

Solving these simultaneously for 𝑘1, 𝑘2 and 𝑘3, we get 

𝑘1 = -0̋.63     ;  𝑘2 =- 0̋.95  ;   𝑘3 =-0̋.47  

Hence the most probable values of the angles are  

AOB= 83° 42' 28̋.75 -0̋.63 = 83˚2' 28̋.12 

 BOC =102° 15'43".26 -0̋.95 = 102° 15´ 42̋.31  

COD =94° 38' 27̋.22 -0̋.47 = 94° 38' 26 ˝.75 

DOA =79° 23' 22".82 
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9.11. METHOD OF CORRELATES 

Correlates or correlatives are the unknown multiples or independent constants used for 

finding most probable values of unknowns. We have already studied the method of 

normal equations for finding the most probable values of quantities from observations 

involving condition equations. The direct method of normal equations was used for 

simple cases while the method of differences' or 'corrections' was used for reducing the 

arithmetical work The condition equation was used to eliminate one of the unknown 

thus giving one more observation equation. However, the method of normal equations 

becomes more tedious when the number of conditions are more. In that case, the 

method of correlates may be used. In the method of correlates, all the condition 

equations are collected. To this is added one more equation of condition imposed by the 

theory of least squares, i.e., the sum of the squares of the residual errors should be 

minimum 

Suppose, for example, the angles A, B, C,D are measured at a station closing the 

horizon, the observed values of angles, A,B, C, D may be of weights 

 𝑤1 ,𝑤2, 𝑤3and 𝑤4, respectively 

Let E be the total residual error in the 

summation of the four angles such that 

A+B +C+D - 360˚= E  

Let  𝑒1 ,𝑒2, 𝑒3and 𝑒4be the corrections to be 

applied to the obrved angles. Then, we have one 

equation of conditions 

∑e=𝑒1 +𝑒2+ 𝑒3+ 𝑒4=E ... (1) 

Further the last square condition requires that  

∑(w𝑒2)=𝑤1𝑒1
2 +𝑤2𝑒2

2+ 𝑤3𝑒3
2+ 𝑤4𝑒4

2= 

a minimum ...(2)  

Thus, we get two condition equations. 

Differentiating these two equations, we get 

                ∑(𝛿𝑒) =  𝛿𝑒1 +𝛿𝑒2+ 𝛿𝑒3+ 

𝛿𝑒4=0 (3) 

And             ∑(𝑤𝑒 𝛿𝑒) =  𝑤1𝑒1𝛿𝑒1 +𝑤2𝑒2𝛿𝑒2+ 𝑤3𝑒3𝛿𝑒3+ 𝑤4𝑒4𝛿𝑒4=0 (4) 

Multiply equation (3) by a correlative -.𝟏 and add the result to equation (4). Thus, 

-.𝟏 𝛿𝑒1 +-.𝟏 𝛿𝑒2+-.𝟏 𝛿𝑒3+ -.𝟏 𝛿𝑒4=0 
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𝑤1𝑒1𝛿𝑒1 +𝑤2𝑒2𝛿𝑒2+ 𝑤3𝑒3𝛿𝑒3+ 𝑤4𝑒4𝛿𝑒4=0 

_____________________________________ 

δe1(w1e1-.𝟏δe2(w2e2-.𝟏δe3(w3e3-.𝟏δe4(w4e4-.𝟏

Since 𝛿𝑒1 ,𝛿𝑒2, 𝛿𝑒3 are definite quantities and are independent of each other, their 

coefficient must vanish independently, or 

-.𝟏 = 𝑤1𝑒1+𝑤2𝑒2 = 𝑤3𝑒3 = 𝑤4𝑒4 

From which       

 
Equation (6) shows that the corrections to be applied are inversely proportional to the 

weights. 

To find the value of the correlative-.𝟏, substitute these values of 𝑒1,𝑒2, 𝑒3𝑎𝑛𝑑 𝑒4. in 

equation (1). Thus, 

 

 

(7)  …(9.17) 

 

From equation (7), the value of -.𝟏 can be 

calculated since 𝑤1 ,𝑤2, 𝑤3, 𝑤4, and E are known. 

Knowing the value of -.𝟏 the corrections 𝑒1,𝑒2, 𝑒3, 𝑒4 can be calculated from equation 

(6). These corrections, when applied to the observed angles, will give the most probable 

values of the angles. 

In the above treatment, only one condition equation[ i.e. (angle) = 360°] was imposed 

and, therefore, there was only one correlative -.𝟏. However, if there are more than one 

condition equations, the first equation (in the form of equation 3 obtained after 

differentiation) is multiplied by -.𝟏, second by  -.𝟐, third by -.𝟑 and so on, and these 

are added to equation 4 (obtained from the least square principles) to get pairs of 

equations such as equation (5) and .𝟏, .𝟐, .𝟑 etc. can be calculated.  

For example, in addition to the individual angles A, B, C and D, angle (A + B) was also 

measured with weight 𝑤5. Let  𝑒5 be the correction to be applied to (A + B). Let E' be 

the error of closure between the combined angle (A + B) and the summation of angles A 

and B, such that 

(A + B) - A - B = E'  

Hence, we get total two condition equations in terms of corrections  

                      𝑒1 +𝑒2+ 𝑒3+ 𝑒4=E ... (1a) 

And             𝑒5-( 𝑒1+ 𝑒2 ) = E   ... (1b) 

In addition to this, the least square conditions require that 

𝑤1𝑒1
2 +𝑤2𝑒2

2+ 𝑤3𝑒3
2+ 𝑤4𝑒4

2+𝑤5𝑒5
2= a minimum (2) 

Differentiating equations (1a, 1b) and (2) partially, we get  

𝛿𝑒1 +𝛿𝑒2+ 𝛿𝑒3+ 𝛿𝑒4=0 
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𝛿𝑒5 -𝛿𝑒1+ 𝛿𝑒2=0 

And 𝑤1𝑒1𝛿𝑒1 +𝑤2𝑒2𝛿𝑒2+ 𝑤3𝑒3𝛿𝑒3+ 𝑤4𝑒4𝛿𝑒4 + 𝑤5𝑒5𝛿𝑒5=0 (4) 

Multiply equation (3a) by -.𝟏, (3b) by -.𝟏, and add these to equation (4). 

Thus, 

 
Since the coefficients of 𝛿𝑒1 ,𝛿𝑒2, 𝛿𝑒3, 𝛿𝑒4, 𝑎𝑛𝑑 𝛿𝑒5 must vanish independently, we 

have 

 
Substituting these values in (la) and (1b), we get 

 

 

 
 

Since, 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5 E' and E are all known, -.𝟏 and-.𝟐 can be calculated These 

values can then be substituted in Eq. (6) to get the corrections  𝑒1,𝑒2, 𝑒3, 𝑒4, etc. 

Example 9.16. Solve example 9.13 by method of correlates. 

Solution  

The observed equations are 

A= 68° 12'36"; B= 53°46' 12"; C= 58° 0l' 16" 

The conditions equation is A + B+ C= 180° 

Now A+B+C= 180° 00' 04": 

Hence E = 180° - (A + B + C) = 180° - (180° 0' 4") = - 4"= total correction 

Let  𝑒1,𝑒2, and 𝑒3, be corrections to the angles A, B and C. 

Hence, we have the condition equation 

 𝑒1+𝑒2 + 𝑒3=-4"                                         …(1) 

Also, from least squares condition, ∑w𝑒2= 0 
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Since all the observations are of equal weight, we have 

𝑒1
2 +𝑒2

2+ 𝑒3
2=0                                            …(2) 

Differentiating (1) and (2), we get 

                  𝛿𝑒1
2 +𝛿𝑒2

2+ 𝛿𝑒3
2=0                                            ... (3) 

And            𝑒1𝛿 𝑒1 +   𝑒2𝛿 𝑒2 +  𝑒3𝛿 𝑒3 =0                        … (4). 

Multiplying Eq. (3) by - and adding to (4), we get 

- 𝛿 𝑒1 +- 𝛿 𝑒2+- 𝛿 𝑒3=0        

    𝑒1𝛿 𝑒1 +   𝑒2𝛿 𝑒2 +  𝑒3𝛿 𝑒3 =0      

_____________________________                      

𝛿 𝑒1) -+ 𝑒1 𝛿 𝑒2) -+𝑒2 𝛿 𝑒3) - 𝑒3 

Since the coefficient of 𝛿 𝑒1, 𝛿 𝑒2, and 𝛿 𝑒3, must vanish independently, we have 

   𝑒1=𝑒2 = 𝑒3  …(6) 

Substituting these values of  𝑒1,𝑒2, 𝑒3 in (1), we get 

 
This shows that for the observations of equal weight, the error is distributed equally 

all the angles. 

Knowing  𝑒1,𝑒2 and 𝑒3, the corrected values can be found. 

Example 9.17. Solve example 9.14 by method of correlates. 

Solution. 

The observed angles are : 

A=77° 14'20" wt. 4 . 

B= 49° 40' 35" wt. 3 

C= 53° 04' 52" wt. 2 

________________ 

Sum = 179° 59' 47" 

Hence total correction to be applied = 180° - (179° 59' 47") = + 13" 

Let  𝑒1,𝑒2 and 𝑒3 be the corrections 

 𝑒1+𝑒2 + 𝑒3=+ 13"        ... (1) 

From the least square condition, ∑w𝑒2 =a minimum ,  

 

4𝑒1
2 +3𝑒2

2+ 2𝑒3
2=a minimum  …(2) 

Differentiating (1) and (2), we get  

 
Multiplying (3) by - and adding it to (4), we get : 

  
Since the coefficients of  , 𝛿𝑒1, 𝛿 𝑒2, 𝛿 𝑒3must vanish independently, we have  
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Substituting these values of  𝑒1,𝑒2, 𝑒3 in (1), we get 

 
Hence the corrected angles are 

A= 77° 14' 20" + 3" = 77° 14' 23" 

B= 49° 40' 35"+4" =49° 40' 39" 

C= 53° 4' 52" + 6" = 53° 4' 58" 

Note. This example was solved by the two methods of normal equations. It can be seen 

that the method of correlates applied above 10 solution of the same problem is very 

much easier since the computations are very much reduced. 

Example 9.18. Solve example 9.15 by method of correlates. 

Solution. 

 

AOB= 85° 42' 28".75              wt. 3 

BOC = 102° 15' 43".26            wt. 2 

COD = 94°38' 27".22               wt. 4 

DOA = 79° 23' 24".77               wt. 2 

___________________ 

Sum = 360° 00' 03".00 

Hence, the total correction E = 360° - (360° 00' 03") = -3" 

Let  𝑒1,𝑒2 , 𝑒3 and 𝑒4 be the individual corrections to the four angles respectively. 

Then, by the condition equation, we get 

 𝑒1+𝑒2 + 𝑒3 + 𝑒4=- 3"        ... (1) 

Also, from the feast square principle, ∑ (w𝑒2) =a minimum 

Hence  3𝑒1
2 +2𝑒2

2+ 4𝑒3
2 +  2𝑒4

2=a minimum  …(2) 

Differentiating (1) and (2), we get 

 
Multiplying equation (3) by - and adding it to (4), we get : 

 
Since the coefficients of  , 𝛿𝑒1, 𝛿 𝑒2, 𝛿 𝑒3𝑎𝑛𝑑 𝛿𝑒4must vanish independently, we have 

 
Substituting these values in (1), we get 
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Hence the corrected angles  

AOB = 83° 42'  28".75 - 0".63 = 83° 42' 28".12 

BOC = 102° 15' 43".26 - 0".95 = 102° 15’ 42".31. 

COD = 94° 38' 27".22 - 0".47 = 94° 38' 26".75  

DOA = 79° 23' 23".77 -0".95 = 79° 23' 22". 82 

                                                ________________    

                                                  Sum = 360° 00' 00" 

This example was also solved by the method of differences of normal equations. 

The method of correlates is however, much more easier. 

Example 9.19. The following round of angles was observed from central station 

to the surrounding stations of a triangulation survey:  

A= 93° 43'22"     weight 3 

B= 74° 32'39"      weight 2 

C= 101° 13'44"   weight 2 : 

D= 90° 29'50"      weight 3 . 

in addition, one angle (𝐴 + 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  was measured separately as combined angie with. a  

mean value of 168° 16' 06" (wt. 2).  

Determine the most probable values of the angles A, B, C and D.  

Solution.  

A+B+C+D= 359° 59' 35"  

Total correction E = 360° - (359° 59' 35") = + 25" 

Similarly, (𝐴 + 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = (A + B)  

Hence correction E'= A + B - (𝐴 + 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = 168° 16' 01" — 168° 16' 06" = - 5" 

Let  𝑒1,𝑒2 , 𝑒3 , 𝑒4and 𝑒5 be the correction to 4, B, C, D and (𝐴 + 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

We have, then, the condition equations +  

 
Also, from the least square condition, ∑ (w𝑒2) =a minimum  
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Hence                                       

Since the co-efficient of  , 𝛿𝑒1, 𝛿 𝑒2, 𝛿 𝑒3 etc. must vanish independently, we get 

 
 

Substituting these values of  𝑒1,𝑒2 , 𝑒3 , 𝑒4and 𝑒5 in Eqs. (la) and (1b); we get 
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Hence the corrected angles are 

A = 93° 43' 22" + 3".64 = 93° 43' 25".64  

B = 74° 32' 39" + 5".45 = 74° 32' 44".45  

C= 101° 13' 44" + 9".55 = 101° 13' 53".55  

D= 90° 29' 50" + 6".36 = 90° 29' 56".36 

                           _______________                     

                                 Sum = 360° 00'00".00  

 Example 9.20. A surveyor carried out levelling operations of a closed circuit ABCDA 

Starting from A and made the following observations:  

        B was 8.164 m above A, weight 2 

        C was 6.284 m above B. weight 2 

        D was 5.626 m above C, weight 3 

 and D was 19.964 m above A, weight 3 

Determine the probable heights of B, C and D above A by method of correlates. 

 

Solution.  
Error of closure = (8.164 + 6.284 + 5.626) - 19.964 - 20.074 - 19.964 -0.11 m 

Total correction=-0.11 m 

Let  𝑒1,𝑒2 , 𝑒3 and 𝑒4 be the corrections to the observed quantities taken in order. Hence 

we have condition equation : 

 𝑒1+𝑒2 + 𝑒3 + 𝑒4 = - 0.11 m  … (1) 

Also, from least square condition, ∑ (w𝑒2) = a minimum  
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2𝑒1
2 +2𝑒2

2+ 3𝑒3
2 +  3𝑒4

2=a minimum  … (2( 

Differentiating (1) and (2), we get 

 
Multiplying equation (3) by -  and adding it to (4). we get  

 
Since the co-efficient of  , 𝛿𝑒1, 𝛿 𝑒2, 𝛿 𝑒3 and  𝛿 𝑒4, must vanish independently, we get 

 
 

 

 
Hence the corrected levels are 

B = 8.164 - 0.033 = 8.131 above A  

C = 6.284 -0.033 = 6.251 above B = 14.382 above A 

D=5.626 -0.022 - 5.604 above C = 19.986 above A  

Check: Level of A above D=-19.964 -0.022 =-19.986  
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9.12. TRIANGULATION ADJUSTMENTS 

In a triangulation system, all the measured angles should be corrected so that they 

satisfy: 

(i) Conditions imposed by the station of observation, known as the station 

adjustment  

And 

(ii)    Conditions imposed by the figure, known as the figure adjustment. 

The most accurate method is that of least squares, and the most rigid application follows 

when the entire system is adjusted in one mass, all the angles being simultaneously 

involved. The process is exceedingly laborious, even in nets comprising few figures. As 

such, it is always convenient to break it into three parts which are each adjusted 

separately  

(i) Single angle adjustment.       (ii)Station adjustment.  

and (iii) Figure adjustment. 

(1) Single Angle Adjustment 

Generally, several observations are taken for a single angle. The corrections to be 

applied are inversely proportional to the weight and directly proportional to the square 

of probable errors. In the case of the measurement of the angle with equal weights, the 

most probable value is equal to the arithmetic mean of the observations. In the case of 

the weighted observations, the most probable value of the angle is equal to the weighted 

arithmetic mean of the observed angles. See examples 9.2. 9.3, 9.4 and 9.5. 

(2) Station Adjustment 

Station adjustment is the determination of the most probable values of two or more 

angles measured at a station so as to satisfy the condition of being geometrically 

consistent There are three cases of station adjustment: 

(i) when the horizon is closed with angles of equal weights  

(ii) when the horizon is closed with angles 

               from unequal weights  

(iii)   when several angles are measured at a 

                 station individually, and in combination.  
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Case 1. When the horizon is closed with angles of equal weights. 

In Fig. 9.3. angles A, B and C have been measured and the 

horizon is closed. Hence A+B+C should be equal to 360°. If 

this condition is not satisfied, the error is distributed equally 

to all the three angles 

Case 2. When the horizon is closed with angles of unequal 

weights. 

If the angles observed are of unequal weight, discrepancy is 

distributed among the angles inversely as the respective 

weights. 

Case 3. When the several angles are measured at a station 

individually and also in combination. 

In Fig. 9.4, the three angles A, B and C 

are measured individually. Also the 

summation angles A + B and A + B + C 

have been measured. As discused earlier, 

the most probable value of the angles 

can be found by forming the normal 

equations for the unknowns and solving 

them simultaneously. See example 9.9, 

9.10, 9.11, 9.21 and 9.22.  

Example 9.21. Given the following equations 

A = 42° 36'28" wt. 2 

 B = 28° 12' 42" wt. 2 

C=65 ° 25' 16" wt. 1  

A+B=70° 49' 14" wt. 2 

B + C = 93° 37'55" wt.1  

Find the most probable values of A, B and C. Solution. 

Let 𝑘1, 𝑘2, 𝑘3, be the most probable corrections to A, B and C. Then the most probable 

values of A, B and C are 

A = 42° 36' 28" + 𝑘1 

 B = 28° 12' 42"+ 𝑘2 

C = 65° 25' 16" + 𝑘3  

A+B=70° 49' 10" + 𝑘1 + 𝑘2 by adding (1) and (2) 

B + C = 93° 37' 58" + 𝑘2 + 𝑘3 by adding (2) and (3) 

 Substituting these in the corresponding observation equations, we get the following 

reduced observation equations: 

 

𝑘1                      = 0     weight 2 

    𝑘2          = 0              weight 2 

                     𝑘3   = 0                 weight 1 

𝑘1    +  𝑘2         =+4"              weight 2 

           𝑘2 + 𝑘3   = -3"              weight 2 

 Normal equation for 𝑘1: 
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2𝑘1                   = 0 

2𝑘1    +  2𝑘2         =+8"   

____________________ 

4𝑘1    +  2𝑘2         =+8 

Normal equation for 𝑘2 

    2𝑘2          = 0               

2𝑘1    +  2𝑘2         =+8"               

           𝑘2 + 𝑘3   = -3"   

_______________________- 

2𝑘1    +  5𝑘2 + 𝑘3=+5               

Normal equation for  𝑘3 

                     𝑘3   = 0   
           𝑘2 + 𝑘3   = -3"   

__________________ 

           𝑘2 +2 𝑘3   = -3 

Hence the three normal equations are 

  
Solving these simultaneously for 𝑘1, 𝑘2,  𝑎𝑛𝑑 𝑘3,  we get 

 
Hence the most probable values of the angles are. 

A = 42° 36' 28" + 1".93 =42° 36' 29".93  

B = 28° 12' 42" +0".14 = 28° 12' 42".14 

C = 65° 25' 16"-1".57 = 65° 25' 14".43 

 Example 9.22. Find the most probable values of the angles A, B and C from the 

following observations at a station P: 

A            = 38° 25'20"    Wt. 1 

       B      = 32° 36'12"    Wt. 1 

 A+ B      = 71° 01'29      Wt. 2 

 A+ B+C = 119° 10'43"   Wt. 1 

        B+C = 80° 45' 28"    wt. 2  

Solution. 

Let 𝑘1, 𝑘2, 𝑘3be the corrections to the angle A, B and C. Here angle C has not been 

observed directly. Assume 

C = (B+C) - B 

= 80° 45' 28" - 32° 36' 12" 

= 48° 9' 16"  
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Hence the most probable values of the angles are 

 
Substituting these values in the observation equations, we get  

 
Hence the most probable values of the angles are 
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FIGURE ADJUSTMENT 

The determination of the most probable values of the angles involved in any 

geometrical figure so as to fulfil geometrical conditions is called the figure adjustment. 

The figure adjustment, therefore, involves one or more condition equations. We have 

already discussed the simple cases of condition equations by the method of normal 

equations and also by the method of correlates. When the condition equations are more, 

the method of correlates is much simpler. 

The triangulation system mainly consists of the following geometrical figures : 

(i) triangles  

(ii) quadrilaterals  

(iii)  polygons with central figure. 

We shall discuss the adjustments of all the three figures separately in detail.  
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9.14. ADJUSTMENT OF A GEODETIC TRIANGLE 

A triangle is the basic figure of any triangulation system. All the three angles of a 

triangle are to corrected. The following are the general rules for applying the corrections 

to the observed angles. 

 
Rule 1. Equal corrections. If all the angles are of equal weight, the discrepancy is 

distributed equally to all the three angles.  
i.e., 
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Rule 2. Inverse weight corrections. If all the angles are of unequal weight, the 

discrepancy is distributed to all the angles in inverse proportion to the weights. 

 

 
 

 

Rule 3. Inverse corrections.If the wrights of observations are not given, the 

discrepancy is distributed to all the three angles in inverse proportion to their 

umber of observations. 

  
Rule 4. tuverse square correction. The discrepancy is distribeted te aff the angles 

in inverse proportion w the square of the aumber of ebservations. 
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There is tithe mathematical justification for this rule. 

Rule 5. Probable error square corrections. If the probable errors of each angle are 

known, the discrepancy is distributed to all the angles in direct proportion to the 

squares of the probable errors. 

 
Rule 6. Gauss’s Rule. This rule is applied when the weights of the observation are 

not directly known, if the residual error of each observation is known, the weights 

can be calculated by the Gauss’s Rule given by the expression : 

 
Where w is the weight to the assigned to a quantity 

n= total number of observation made for the quantity 

∑ 𝑣2= sum of the squares of the residuals  

 
Knowing the values of the weights, the corrections are applied by rule (2) 
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Generally, rules 1, 2 and 6 are the most commonly used for the adjustment of angles. 

FIGURE ADJUSTMENT OF A TRIANGLE 

A triangle is a simple figure having three interior angles. If all the three angles are 

measured independently (as is generally the case), their sum must be equal to 180°in the 

case of a plane triangle or should be equal to (180°+spherical excess) in the case of a 

spherical triangle. If the sum is not equal to 180° in a plane triangle or equal to (180° + 

spherical excess) in a spherical triangle, the discrepancy is distributed to all the three 

angles according to any one of the rules stated above. The corrected angles So found are 

then: used to calculate the other two sides of the triangle if length of one side is known. 
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CALCULATION OF SPHERICAL EXCESS 

The spherical excess (𝜖) is the amount by which the sum of the three angles exceeds 

180°. Its value depends upon the area of the geodetic triangle, and may be ignored if the 

length of the sides ae less than 3 km. However, for large triangles, it must be calculated. 

The value of spherical excess is approximately 1" for every 200 square km. 

The spherical excess (𝜖) can be calculated from the formula: 

 
where A=area of the spherical triangle . 

R=radius of the earth  

Both A and 𝑅2 should be substituted in the same units. 



 

 

44 

 

" ERRORS THEORY AND ADJUSTMENTS " Assist. Lccturer Arjan Sh. Omer Surveying Eng. Dept / Third Year 

If A=area in sq. ft. 

 
If ∆ is the area in sq. miles, 

 
The above expression can also be obtained independently by substituting  

 
Hence, generalising the expression for 𝜖 we get 

 
Knowing the spherical excess, the discrepancy in the observed angles is given by 

 e=180° + 𝜖 -(A+B+C)                               .(9.21) 

This discrepancy is to be distributed to the angle (A, B and C) as per rules already 

discussed. 

In the calculation of the spherical excess (𝜖) , the area (S) of the spherical triangle is 

involved. This area cannot be accurately determined unless the angles are accurately 

known which, in turn, can be. known only if the spherical excess is known. Hence, in 

the first approximation, the area S is calculated by treating the triangle as a plane 

triangle, and using the observed angles. 

 
where c is the known side and A, B and C are the observed angles. 

Knowing the area, the spherical excess can be calculated and the corrected angles 

can be computed. 
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COMPUTATION OF THE SIDES OF A SPHERICAL TRIANGLE 

The sides of the spherical triangle can be calculated by one of the following three 

methods: 

1. By spherical trigonometry   

2. By Delambre's method 3.  

3. By Legendre's method 

By Spherical Trigonometry 

knowing the length of one side and the three adjusted 

angles, the lengths of the other two sides can be calculated 

by the formula of spherical trigonometry. 

 Let A, B and C-adjusted angles of the 

spherical triangle  

a=BC, b= AC and c= AB 

 BC = a = known side. 

𝑎1= angle subtended by side BC at the centre of the sphere  

𝑏1 = angle subtended by side CA at the centre of the sphere 

𝑐1 = angle subtended by side AB at the centre of the sphere 

 The computations are done in the following steps:  

Step 1. Calculate the central angle of the side BC (=a) 

 
and R is the radius of the earth. 

Step 2. Knowing 𝑎1 calculate the central angles 𝑏1, and 𝑐1 by the sine rule. 

 
 

Step 3. Knowing the central angles, 𝑏1and 𝑐1 calculate the corresponding lengths 

Of the arcs CA(=b) and AB(=c) by the relations 
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2. By Delambre's Method 

The method is used when the corrected plane 

angles are known. The points A, B and  C are 

assumed to be joined by the chord, and  the plane 

angles are the angles between the chords. 

In Fig. 9.6. 𝐴0. 𝐵0 and 𝐶0 are the plane  angles. The 

computations are plone in the following  steps: 

Step 1. Knowing the length BC( = a),  

Calculate the central angle 𝑎1. 

 

 
Step 2. Knowing the central angle 𝑎1, the 

corresponding chord length �̅� is calculated from the 

relation 

 

 
 Step 3. From the known chord length �̅� and the three corrected plane angles 𝐴0. 𝐵0 and 

𝐶0 the other two chord lengths �̅� and 𝑐̅ are computed by the sine rule. Thus 

 

 
 

Step 4. Knowing the chord lengths �̅�  and 𝑐̅, calculate the corresponding central angles 

𝑏1, and 𝑐1from the relations: 

 
Step 5. Knowing the central angles �̅�  and 𝑐̅ the corresponding lengths of the arcs are 

known by the relations: 
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 3. By Legendre's Method 

 Legendre's theorem: The following is the statement of the Legendre's theorem: 

" In any spherical triangle, the sides of which are small compared with the radius of the 

sphere, if each of the angles be diminished by one-third of the spherical excess, the 

sines of these angles will be proportional to the lengths of the opposite sides and the 

triangle may be calculated as if it were plane." 

 Let 𝐴0, 𝐵0, and 𝐶0 be the corrected plane angles. 

 
 

Example 9.23. Adjust the following angles of the triangle ABC. 

 

 
 

Solution 
 Mean value of A= 56° 12' 34".5. number of observations = 6 

 Mean value of B =68° 36' 14".5; number of observations =8  

Mean value of C=55° 11' 15" ; number of observations 5 

                         _______________ 

                         Sum = 180° 00' 04"  

 



 

 

48 

 

" ERRORS THEORY AND ADJUSTMENTS " Assist. Lccturer Arjan Sh. Omer Surveying Eng. Dept / Third Year 

 
 

 

 

 

 

Hence the 

corrected values 

of the angles are 

A = 56° 12' 

34".5 - 1".51 = 56° 12' 32".99  

B =68° 36' 14".5 - 0".92 =68° 36' 13".58  

C = 55° 11' 15" - 1".57 = 55° 11' 13".43 

                                     _______________  

                                Sum = 180° 00'00".00 
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9.15. ADJUSTMENT OF CHAIN OF TRIANGLES 
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Let us consider a chain of triangles ABC, ACD, DCE etc. as shown in Fig. 9.7. The 

numbers 1, 2, 3 etc. represent the angle numbers and not their values. All the angles 

have been measured with equal precision. The adjustment is done into two steps: 

(i) Station adjustment. 

 (ii) Figure adjustment.  

(i) Station Adjustment 

Since all the angles at a station have been measured, their sum must be equal to 360°. 

Hence we get the following condition equations: 

 
 

The discrepancy denoted by each of the 

angles should be distributed equally to the 

component angles since all the angles 

have been measured with equal precision. 

(ii) Figure Adjustment 

After having adjusted the individual 

angles, each triangle is taken separately 

for figure adjustment. The sum of the 

three angles in each triangle should be 

equal to Thus in triangle ABC, 

 
If the angles are of equal weight, the discrepancy is distribued equally to all the three 

angles. If the angles are weighted. the discrepancy is distributed in inverse proportion to 

their weights. 

 9.16. ADJUSTMENT OF TWO CONNECTED TRIANGLES 

Fig 9.8 shows two connected triangles ACD and BCD. The angles A, B, 𝐶1, 𝐶2, 𝐷1. and 

𝐷2, have been measured. The summation angles C(= ACB) and D( ADB) have also 

been measured. Thus, there are eight angles. There are four independent condition 

equations that must be satisfied by the adjusted values of the angles. These equations 

are called the angle equations and are as follows: 

 

 

6 
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There are total eight unknowns. out of which 

𝐶1, 𝐶2, 𝐷1and 𝐷2 must be regarded as the 

independent unknowns, and the remaining 

four as the dependent ones since they can be 

easily obtained from the condition equations. 

The solution can be obtained either by means 

of normal equations or by correlates. 

If the method of the normal equation is 

adopted, the four unknowns A, B. C and D 

can be expressed in terms of the independent 

unknowns, 𝐶1, 𝐶2, 𝐷1and 𝐷2 Thus                          
FIG9.8. TWO CONNECTED TRIANGULES 

 
From the new observation equations so formed in terms of 𝐶1, 𝐶2, 𝐷1and 𝐷2 the normal 

equations can be formed in terms of the differences (or corrections) and their values can 

be known. 

Example 9.24 illustrates the procedure for the adjustment. 

Example 9.24. The following are the measured values of equal weight for two 

connected triangles ACD and BCD (Fig. 9.8) : 

 

 
Adjust the values of the angles. 

 Solution.  

(a) By Method of Normal Equations  

The condition equations are 

 
Let A, B, C and D be the dependent quantities. Expressing them in terms of the 

independent quantities, we get 
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𝐶2+𝐷2= 127° 31' 19" + 𝑘2+ 𝑘4by adding (2a) and (4a) ...(6a)  

𝐶1+𝐶2 = 128° 16' 31" + 𝑘1+𝑘2 by adding (1a) and (2a) …(7a) 

𝐷1+𝐷2=111° 02' 27" + 𝑘3+𝑘4 by adding (3a) and (4a) ... (8a)  

Substituting these values of Eqs. (la). (2a), (3a) etc. in the corresponding observations 

equations (1), (2), (3) etc. we get the following reduced equations: 

 
From the above reduced equations, the normal equations for 𝑘1, 𝑘2, 𝑘3 𝑎𝑛𝑑 𝑘4be 

formulated 

Normal equation for 𝑘1 : 
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Normal equation for 𝑘2 

 
Normal equation for 𝑘3 : 

 
Normal equation for 𝑘4 : 
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9.17. ADJUSTMENT OF A GEODETIC QUADRILATERAL 

In a godetic quadrilateral, all the eight angles (𝜃1, 

𝜃2..... 𝜃8) shown in Fig. 9.9 are measured 

independently. If the size of the quadrilateral is small, it 

may be taken to be a plane quadrilateral. However, if 

the size is large, the spherical excess of each triangle 

can be calculated separately and a correction of 
1

3
 

spherical excess may be applied to · each angle of the 

triangles, thus giving the plane angles. There are three 

methods of adjusting a geodetic quadrilateral 

1. Rigorous method of least squares. 

2. Approximate method. 

3. Method of equal shifts. (See $9.20) 

 

1. ADJUSTMENT OF QUADRILATERAL BY METHODS OF LEAST 

SQUARES 

In Fig. 9.9, 𝜃1, 𝜃2, 𝜃3,.... 𝜃8 are the eight corner angles. The theodolite is set up only at 

the four stations A, B, C and D and not at the intersection of the diagonals. If we 

imagine to stand at the intersection of the diagonals and see the sides AD, DC. CB. and 

BA in turn, then the angles to the left are known as left angles and angles to the right are 

known as right angles. Thus 𝜃1, 𝜃3, 𝜃5,.... 𝜃7, are the left angles while 𝜃2, 𝜃4, 𝜃6,.... 𝜃8 

are the right angles. 

The conditions to be fulfilled by the adjusted values of the angles are :  

(i) Angle equations 

 
(ii) Side equations 

In addition to the three angle equations, a 

geodetic quadrilateral (or any other figure) must also 

fulfil the side equation so that the figure is 

closed. Even if the angle equations are satisfied, the 

quadrilateral may not be closed as shown in Fig. 

9.10, by drawing all the lines parallel to those of Fig. 

9.9. 

Let us consider Fig. 9.9 again, which is a closed 

figure.                                                                        
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From triangle ADC, 

 
 

 

 

where L 

Where L 

denotes 

left angles 

and R 

denotes the 

right 

angles. 

Thus, we have four condition equations. 

𝐸2 
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GOOD LUCK 

 

 

 

 

 

 

 

 


