Northern Technical University- Engineering Technical College / Kirkuk - Department of
Name Engineering

STUDENTS' PERFORMANCE
ASSESSMENT

Mathematics 2'" year students
Instructor: Mahmoud Shakir Wahhab

Table 1, Plan of whole year assessments

Form 08

Program Outcomes

Course Learning
Objectives

Strategies for Achieving

Outcomes

Assessment Method

(results table after performing)

. Differential
equation are basic
importance in engineering
mathematics because
many physical laws are
relations appear
mathematically in the
form of a differential
equation

° Formulate
relevant research
problems; conduct
experimental and/or
analytical study and
analyzing results with
modern
mathematical/scientific
methods and use of
software tools.

° To create a

congenial environment
that promotes learning,
growth, and imparts the
ability to work with inter-
disciplinary groups in
professional, industry,
and research
organizations.

To broaden and
deepen their capabilities
in analytical and
experimental research
methods, analysis of
data, and drawing
relevant conclusions for
scholarly writing and
presentation.

1.

2.
3.
4.

Align goals and objectives
to achieve common desire
outcomes

Eliminate bad habits
Welcome Failure

Benefit the daily goal
setting

. Avoid procrastination

HownE

In-class and online quizzes
Homework

Peer feedback activities
Practice exams
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Table 2, Assessment Rubrics

Rubric 4- Exceeds 3- Meets 2-Progressing 1-Below Average
Engineering Students can apply The student will just be The student will just be The student does not
Knowledge concepts of basic able to understand the able to remember the have an engineering

science and basic concepts of basic concepts of basic science sense
mathematics to solve science and basic and basic mathematics
engineering problems. mathematics to solve to solve engineering
engineering problems problems
Problem Student can analyze a The student is just able | Students need assistance | The student is not able
Analysis given problem and to have agrasp of a to have a grasp of the to recognize the basics
identify the problem statement and problem statement and of problem analysis
constraints and define its constraints and can its constraints and can
the requirements for a understand problem understand problem
given problem which definition and the definition and the
are suitable for its requirements for a requirements for a given
solution given problem which problem which are
are suitable for its suitable for its solution.
solution.

Design and | The student can The student can The student would The student does not
Developme design a functional understand and apply require aid to and apply have the imagination
nt of and realistic system the engineering the engineering to design an
Solutions consisting of multiple knowledge for the knowledge for the design engineering part

components or design of functional and functional and realistic
processes. realistic system system consisting of
consisting of multiple multiple components or
components or processes
processes.

Table 3, Students Works Rating

Students Outcome

Max Score

High : 100

Low : 50

Mean :75

SD:2.5

Table 4, Student and Faculty Evaluations of Learning Outcomes

Students Outcomes

Students Rating

Instructor Rating

Instructor Comments

Not yet achieved

Not yet achieved

Not yet achieved

Not yet achieved

Table 5, Changes/Improvements

Assessment of Changes/Improvements Made this

year
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Changes/Improvements That Will Be Made Next
Time the Course is Offered

Table 6, Final Evaluation

Outcome Average Notes

Not yet achieved Not yet achieved Not yet achieved
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Appendices:

Materials: (Course notes should be here)

Faculty Curriculum Vitae:

Mahmoud Shakir Wahhab
Ass. Teacher in Electronic and control.
Cell# 009647705037717
Mahmoud.eng777 @ntu.edu.iq

University of south Ural, Russia

M, Sc. Mechatronics Engineering (2018)
Thesis: “Automation control system design of temperature stabilization of belt conveyor AC motor”

University of northern technical, Iraq
B, Sc. electronic and control (2006)

Miscellaneous
Computer Skills:
Matlab/Simulink/GUI
Ansys and Ansys workbench
Multisim
Solid Works
LabVIEW
Visual Basic
AUTOCAD (2D/3D)

Languages: Arabic— native language
English — Very good at reading and writing.
Russian - Good at reading and writing.
Turkish - Good at reading and writing.
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Review of integrals

» The most of the mathematical operations have inverse operations: the

Inverse operation of addition is subtraction, the inverse operation of

multiplication is division, the inverse operation of differentiation is called

Integration.

» When a function f(x) is known we can differentiate it to obtain its

derivative d—i . The reverse process is to obtain the function f(x) from

knowledge of its derivative. This process is called integration.




Indefinite Integral

The indefinite integral or general anti-derivative j f(x) dx of a function £ (x)

stands for all possible anti-derivatives of f (x) defined on an interval:

ff(x) dx =F(x)+C

where C Is a constant and F(X) Is an arbitrary anti-derivative of f (x).




Definite Integration
b
The definite integral is denoted by j f(x)dx, where ais the lower limit of the

Integral and & is the upper limit of the integral.

b
| reax=Feo P B

Note integration constants are not written in definite integrals since they
always cancel in them:

b
| r@dx=F@)| =1F®) + 1~ [F@ +C)

= F(b) — F(a)




Basic integration formulas

» The integral of the power function

x M1
jx"dx= + 6 neER n+ -1
n+1

EXAMPLE

EXAMPLE

j@dx _Jx%dx




EXAMPLE
f(Bx —x 1?2 dx

Solution

f(9x2—6+x_2) gy ===y 9fx2dx —6jdx+fx_2dx

i 1
6x+—+C —— 3x3—6x—=+C
& X




EXAMPLE

f\/3x2—2x+3 (B3x — 1) dx

Solution

1 2
j(3x2—2x+3)5-(3x—1)dx XE

3
1 1 22 2
Ef(:sxz—2x+3)z e ., CuaiE

1
3 J(Bx2=2x +3)3 +C




; EXAMPLE
J x v/ x%+9dx
0

Solution

% 2 = 2 1 4 1
0 2 S
4

3
2

1
2

(x? +9)
3
2

1 A 1
= G 9)3|0—> > [\/(42 +9)3 — /(0% + 9)3]

0

1 98
3( ) 3




> If In the indefinite integral of power function n = —1

EXAMPLES

1
f;dx —— In|x| + C

2
f4+7xdx 2[

2
= In|4 4+ 7x|+ C




» The indefinite integral of the exponential function

a.'X,'
faxdx=—+C, a*1
Ina

and if the base a = e then jex dx = e*+C

EXAMPLE

2 1
f72xdx R f72xdx E TR §j72x s




EXAMPLE

fe‘Sx dx

EXAMPLE

3
fxz e*” dx

1
- j?axzex3 dx




Thank you

for listening
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Integrals of Trigonometric Functions
As we developed the calculus of the trigonometric and exponential functions,
we obtained formulas for the anti-derivatives of certain of these functions.

For convenience, we summarize those formulas. Here are the formulas from

Jsinx dx = —cosx+C jcosx dx =sinx + C
Jseczxdx=tanx+C Jcsczxdx=—cotx+C
ftanx secx dx =secx+C Jcotxcscx dx = —cscx+C




)

< Sin x —sin x
ftanx dx f dx —j dx —In|cos x| + C

COS X COS X
COS X _
cotx dx _ dx In|sinx| + C
sin x
secx + tanx sec? x + tanx secx
secx dx secx - dx dx
secx + tanx secx + tanx

In|secx 4+ tanx| 4+ C

CSCX + cotx csc? x + csc x cot x
cscx dx cscx - dx dx
CSCXx + cotx CSCXx + cotx

2
—(csc“ x + cscx cotx
A ( ) dx — In|cscx + cotx| + C

CSCXx + cotx




" EXAMPLES e

7 1 -
fsin7x 0 jsin7x-§ ax 7jsin7x + 7 dx 71cos7x+(]
2 Cos(?’\/x_) r -2 3 — 1/3
j W d.X' ZJ COS(i/x_)-dex ZfCOS(\/X_)°x3dx .m

i —2 1 _
6J cos(3/x) - x73 e 6sin(3/x) + C
ftan(4x)d ft 4 200y o 1ft . .
i X an(4x) - sec”(4x) dx n an(4x) - sec”(4x) 4dx
1 tan®(4x) Nt
0 C —tan“(4x) + C
e s e )




®
fcscx (cotx + cscx) dx —>jcscxcotx dx+jcsc2x dx

—cscx —cotx +C
—lnx In x~1 1
X e dx —— | x e A Sy x-;dx—» dx —— x +C

7 (x® + cos 7x)
. d
x’” + sin 7x

f X% L cosTx
x7 + sin7x

1
o =t ;j X —>7ln(x7+sin7x)+C




ftanx/f - fsinﬁ 1 . zf—sinx/f 1 .
X — : B ey . X
NES cosvx +/x cosvx  2x

—2In|cosvx| + C

e— tan x
dx f —tanx
f coS? x

—— dx —— fe_tanx-seczx dx
cos? x

_e—tanx + C'




2 (8- 3 N %
j sin“ 3x o

dx
sec 3x Vsin 3x

1

TR (sin 3x)2

1 1
sin? 3x

-5 3
1°c053xdx GRS Zfsinz 3x - cos3x dx ><§

(sin 3x)2

-3

2 &b 2 sin2 3x .

gfsmz 3x-c053x-3dx—>§- 3 A e ;
o

—4

+ C
9 \/(sin 3x)3

®
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for listening
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Integrals Involving Powers of Sine and Cosine

Integrals of powers of sine are usually evaluated using trigonometric identities
and the solution depends on whether the power is odd or even.

» For odd powers, the integrand is transformed by factoring out one sine and

the remaining even powered sine Is converted into cosine using the identity

sin®x =1 — cos? x cos?x =1—sin?x



EXAMPLE fsinsx dx
jsinSx dx fsinx - sin* x dx jsinx (sin? x)% dx
j sinx (1 — cos?x)? dx j sinx - (1 — 2cos?x + cos* x) dx

fsinx dx—choszx-sinx dx+jcos4x-sinx dx

cos3x cos’x 2 1

3 x —§COSSX+C

+C N =
3 E CoS X + 3cos

—cosx + 2



o
EXAMPLE fcos?» .

JF cos3 2x dx Jcost-cos2 2x dx

JF COS 2X dx—jsin2 2X +COS 2x dx

1 1
EJCOSZx-de—EJsin22x-c052x-2dx

1 ; 1sin32x+C TR 2 e
2sm X > 3 2sm X 6sm X

j cos 2x - (1 — sin? 2x) dx



For even powers, the half angle identity sin®x = %(1 — cos 2x) is used to

reduce the power of sine into an expression where direct integration formulas can

already be applied.

For even powers, the half angle identity cos? x = %(1 + cos 2x) is used to

reduce the power of cosine into an expression where direct integration formulas

can already be applied.



EXAMPLE

j (sin® x)? dx

fsin‘*x dx

f E (1- coSZx)]2 dx

1
. (j(l — 2c052x + cos? 2x) dx)

fcos2 2x dx

1
JE (1 4+ cos4x)dx

N[ =

2
f (E) - (1 — cos2x)? dx

fdx+jcos4xdx




1jd+j S S v =eind Ly

— . = —| x + —sin4x = e

: X cos 4x dx - - i 5 % + 5 sin 4x
f 20y dy = =% +—sind

“ | cos® 2x dx = —x + o sin 4x

1 1

n f(1—20052x+c:0522x)dx 1 fdx—chostdx+Jc0522xdx
1 _ o o

2 x—51n2x+zx+§sm4x F= 8x 4Slrl X 32Sln X
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O

Mixed powers of sine & cosine functions

f cos™ x sin™ x dx (m,n positive integers)

A) m,n : one odd/ one even

1. Factor out one power from the trigonometric function that has the odd power.

2. Use sin? x + cos? x = 1 to transform the remaining even power of the odd

trigonometric function into the other trigonometric function.

©



®

EXAMPLE fcossx sin? x dx

f cos* x sin® x cos x dx j(l — sin? x)? sin” x cos x dx

f(l — 2 sin? x + sin* x) sin? x cos x dx

fsinzxcosxdx—ZJsin4xcosxdx+fsin6xcosxdx

5 in’ 1 2 1
- 5x+51n7x+C gsin3x—§sin5x+7sin7x+6

sin3 x sin




f cos™ x sin™ x dx (m,n positive integers)
B) m,n : both odd

1. Choose one of the trigonometric functions and factor out one power.

2. Use sin® x + cos? x = 1 to transform the remaining even power of the chosen

odd trigonometric function into the other trigonometric function.



®

EXAMPLE fcos3x sind x dx
fcosSx Sinc g e fcos3xsin2xsinx dx

jcos3x(1—cos2 %) SIN X dx | —— fcosg’xsinxdx — jcosstinx dx

—costx + Scos®x +C
4‘COS.X' 6COSX




f cos™ x sin™ x dx (m,n positive integers)
C) m,n : both even

Replace all even powers using the half-angle identities:

sin? x = 5 (1 — cos 2x)

cos? x = > (1 + cos 2x)



>
EXAMPLE fcoszx sin’ x dx

Ao any 1 1
cos” x sin“x dx —»fz (1 + cos 2x) -5(1 — C0s 2x)dx
1
A f(l — cos? 2x)dx

5 1 1
COSE 2% —ff (14 cos4x)dx —— > de+fcos4xdx

e S
e A — TS R
> X 4‘Sll’l 56 ZX 851n X




4

1

4

1

1
f(l — cos? 2x)dx

1
X ZX 851nx

1

—x ——sSindx + C

8

32

)|+¢

1
7 jdx—JcosZZxdx

i1
ZX 8Sll’1X

el M

)+
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Guidelines for Evaluating Integrals Involving Secant and Tangent

» If there are no secant factors and the power of the tangent is even and positive,
convert a tangent-squared factor into a secant-squared factor, then expand and repeat

aS necessary

EXAMPLE  Evaluate f can® x dx

ftanzx-tanzxdx —>ftan2x(sec2x— 1)dx —— ftanzxseczxdx—ftanzxdx

tan” x sec® x dx — f(Sesz— dx | — ftanzxseczxdx—fseczxdx+fdx

1
§tan3x—tanx+x+(]




> If there are no secant factors and the power of the tangent is odd and positive, the
Integrand Is transformed by factoring out one tangent and the remaining even

powered tangent is converted into secant using the identity tan? x = sec® x — 1

EXAMPLE  Evaluate j tand ¥ dx

ftanzx-tanxdx —_— f(seczx— 1)tanx dx

2 1 2
sec*xtanx dx — | tanx dx —> Etan x + In|cosx| + C




> If there are no tangent factors and the power of the secant is even and positive.

Factor out sec? x .Use the identity sec?x = tan®x + 1

EXAMPLE  Evaluate f sect x dx

fsec2 x-sec’x dx —— fsec2 x - (tan® x + 1)dx

1

jtanzxseczxdx+fseczxdx - §tan3x+tanx+C

» If there are no tangent factors and the power of the secant is odd, use integration

by part




Integrating powers of products of tan x and secx

» The power of tan x and sec x are odd.

1- Factor out one power of tan x and one power of sec x.

2- Use tan® x = sec? x — 1 to transform the remaining even power of tan to be in

terms of sec

EXAMPLE  Evaluate f tan® x sec® x dx

Solution

2 2
ftanzx sec’ x tanx secx dxX — j(sec x —1)sec”x tanx secx dx

4 2 1 1
jsec X tanx secx dx —jsec x tanx secx dx — gsecsx—gsec3x+(]




» The power of tan x and sec x are even.

1- Factor out sec? x

2- Use sec? x = tan? x + 1 to transform the remaining even power of sec to be in

terms of tan

EXAMPLE  Evaluate j tan? x sect x dx

Solution

ftanz x secl xsec? x dx—»j tan? x sec?x (tan2 X + 1)dx

ftan‘*x sec? x dx+ftan2xseczxdx — ltan5x+1tan3x+C
5 3




» The power of tan x Is odd and power of sec x Is even.
1- Factor out one power of tan x and one power of sec x.
2- Use tan® x = sec? x — 1 to transform the remaining even power of tan to be in

terms of sec

EXAMPLE Evaluate ftan?’x sec* x dx
Solution

- ——> f(seczx — 1) sec3 x tanx secx dx

tan? x sec3 x tanx secx d

5 _ 3 1 1
sec” x tanx secx dx jsec X tanx secx dX — gsec6x—zsec4x+6

.

» The power of tan x Is even and power of sec x Is odd.

use inteqgration by part.
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Before studying the integrations of inverse trigonometric functions, we must remember
the laws of derivatives of inverse trigonometric functions. Below are the derivatives of

the six inverse trigonometric functions.

d 1 du
—sin~t(u) = : lul < 1

dx




We learned about the Inverse Trigonometric Functions, and it turns out that the
derivatives of them are not trigonometric expressions, but algebraic. When memorizing
these, remember that the functions starting with “c” are negative, and the functions with
tan and cot don’t have a square root.

Also remember that sometimes you see the inverse trigonometric function written as

arcsin x and sometimes you see sin"! x .




Integrals Involving the Inverse Trigonometric Functions

When we integrate to get Inverse Trigonometric Functions back, we have use tricks to
get the functions to look like one of the inverse trigonometric. Here are the integration
formulas involving the Inverse Trigonometric Functions, notice that we only have

formulas for three of the inverse trigonometric functions.

du du u
=sin"t(u) +C j =sin" (=) +C
— ()

V1 —u?

du du 1 u
_ -1 — _tan 1 (—
J1+u2_tan (u) +C jaz_l_uz—atan (a)+C

du
f =sec t(uw) +C f il — lsec_
uvus — 1 uvu? —a?2 a

a




dx — 7 sin"'(4x) + C




EXAMPLE j

f 1
(3)2 + (¥)*

2 cost
EXAMPLE ] ; dt
1 + sin4t

cost
2[ 1+ (sint)? dt ——> 2 tan"!(sint) + C




J dx
EXAMPLE
xVax2 — 1

1 2
dx —>f dx — “112xl + C
fx\/(ZJc)2 —1 2x\/(2x)2 —1 sec™|2x]

f dx
EXAMPLE VxZ =9

1
d
fx\/(x)z — 32 ¥







dx
xV16x2 — 4

EXAMPLE




THANK YOU FOR
LISTENING
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- g
Aol o vt Ll o0
S it Nr b

There are several techniques for rewriting an integral so that it fits one or more

of the basic formulas. One of the most powerful techniques is integration by

substitution. With this technique, you choose part of the integrand to be u and

then rewrite the entire integral in terms of u.




Why is substitution method used in integration?

The substitution method (also called u—substitution) is used when an integral
contains some function and its derivative. In this case, we can set u equal to

the function and rewrite the integral in terms of the new variable u. This

makes the integral easier to solve.

xS Ao | ey lint b HVEs by A Do

>y
BED R4 B QO TR SACEAAT B A3 D M4 B QO PR SAGE ST R ESAED M4 B QPR SATR AT B




Steps to solve integration by substitution method

1. Let u be a function of x (usually part of the integrand).

2. Solve for x and dx in terms of u and du.

3.Convert the entire integral to u-variable form and try to fit it to one or more

of the basic integration formulas. If none fits, try a different substitution.

4. After integrating, rewrite the anti-derivative as a function of x.




r & S P

& & Py

r & S P

it ¥

-

¥ e

-

¥ e

4 44 b
. 14

& & Py

EXAMPLE

Solution

3

¥

u I j
S u — ST
u? U

u =——
Infizl= = = L ¢ S==== 1“|“|+Z+C G

.
<
[ ST Pr

e iis
45

[S TP

o pe0 d Pty phyd
! O N et

<iiq
<44

o pe0 d Pty phyd
! O N et




Solution

letu=+x —— u?=x —— 2udu=dx

j//ﬂ1+u2).//du s & D

2tanlu+C —— 2tanlx+C




r & S P

& & Py

r & S P

redel

-

¥ e

EXAMPLE

Solution

= -
letu=— —— U=7nx
X

—x%du

T

3cos(u) —x*du -
. sinu + C
- s

-

¥ e

ps S4 Sar o
e - A
455
T
[ S-S

<

o, iy vy
Mhaba ot o o= 5o

& & Py

<i3q
<13

IREy phye

o
M4 54 o1 SAg ALY

& g S F o
i3




EXAMPLE

1+ cos?x

Solution

du

let u =cosx —— du = —sinx dx —— dx =—
—sinx

du

7 TR du —— —tanlu+C




EXAMPLE x?V1—xdx

Solution

A= R SR R O R [ e e S e e )

(1 —u)? Ju(—du) — — (1—2u—u2)-u%

( )
1 3 5

—< luzdu—2|uzdu— | u2du; —> —-«

\ J




\:“. -
e - N gt v AN
Mg ’
»
.
“gd
5
»
ot

N o
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» To evaluate definite integrals, It Is often more convenient to determine the
limits of integration for the variable u. This is often easier than converting

back to the variable x and evaluating the anti-derivative at the original

- limits.

» If you are dealing with definite integrals (ones with limits of integration)

you must be particularly careful when you substitute.

-— g —— ™ -— - -



Definite Integral Using U-Substitution

» When evaluating a definite integral using u-substitution, one has to deal

with the limits of integration.

» We can change the limits of integration when we make the substitution,
calculate the anti-derivative in terms of u and evaluate using the new

limits of integration

R T e £ 4 - r - - Vo - ~‘ -~y —— A W T —



EXAMPLE Evaluate

Solution

x Using Substitution

2t ¥
d
fl V2x — 1

1
letu=vV2x—1 — 32 =2x—1 —>x=z(u2+1)—> dx =udu

Lower limit: When x=1 — u = \/2(1) ==l
- Upper limit.\When x=5 —— u = \/ 2(5)—1=3

e

1 3
-udu—»—f (u2+1)du—> Sy
2.0 2=

3 (u?+1)
fl 2u

1 1 16
1o (Zo)] — 2

A R I —— e —— - - — - . - - - - —g - ———




T

o
EAMPLE Evaluate Jn sin3 @ cos® dd  Using Substitution

Solution 7
du
let u =sin — du=cosf df — de:cos@
T L e 1
Lower limit:\When 9—4 — u_sm(Z)_ﬁ
. A T s \/§
Upper limit:\When 6 =~ —— u=sm(§)=7
V3 V3 V3
7 du ¥ Tz Hea A1
J u’> C— —>f wdu — —yt| ——-||=| —|—=
b _cost e AR Y 41\ 2 D
V2 2 5
- 5
- 64



9m?
EAMPLE Evaluate j ST dx Using Substitution
4

2 \/E
Solution

letu=+x — u?=x — 2udu=dx

Lower limit:When x = 4?2 —— U =271
- Upper limit: When x = 972 —— u =237

31T
c2u du —— 2[ sin(u) du —— 2[— cosulgg]
2TC

L 3T sin(u)

T u

2[cos(2m) — cos(3m)] —— 2(1+1) =4

T G ——— — - - —_ ~ - - - - - o -_— — —g

—

P T N ——




EAMPLE Evaluate j cos(68) Vsin8 d6 Using Substitution
0
Solution

du
cos 6

letu =sinf —> du=cosf d6 —— dO =

- Lower limit: When sin(0)) —— yu =0

Upper limit:When sin (t) —— u =0
3
b 2 & 3
. u2du--> 3| — :lOz- @2 =0
2

f Vu - cos(@)

cos 6

R T R T — " — - - — ~—y - - - - - T~ -— — ——a > e —— T N N



T

EAMPLE Evaluate fzcosx sin(sinx) dx Using Substitution
0

Solution

du
COS X

letu =sinx —> du=cosx dx — dx =

- Lower limit: When sin(0) —— u =0

Upper limit: \When sin (g) = u=t

1

du
COS X

1
S J sin(u) du —> (—cosx)
0

1
f cos x sin(u) -
0

cos(0) — cos(1) —— 1 —cos(1)

R T R T — " — - - — ~—y - - - - - T~ -— — ——a > e —— T N N
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» The technigue of trigonometric substitution is very natural. The principle aim of
trigonometric substitution is to remove square roots, however the method Is

useful for a wider class of examples.

» In each substitution the square-root is eliminated. We trade an integral with a

square root for a new integral of some trigonometric function, so this is a good

bargain for most examples. There are more advanced trigonometric

substitutions, but we will focus on just these three basic cases.




» This type of substitution is usually indicated when the function you wish to
Integrate contains a polynomial expression that might allow you to use the

fundamental identity sin® x + cos? x = 1 in one of three forms:

cos?x =1—sin?x sec?x =1+ tan?x tan?x = sec?x —1
> If your function contains 1 — x? let x = sin @, if it contains 1 + x? let x = tan 9,

if it contains x2 — 1 let x = sec x

> If your function contains a® — x# let x = asin@, if it contains a® + x? let

x = atan@, if it contains x? — a® let x = asecx




The process for finding integrals using trigonometric substitution

> Try to fit your problem to one of the patterns a? — x?,a® + x? ,x* — a*
» Make the suitable substitution of x and dx.
» Simplify the integrand as needed and integrate.

» Reverse substitute until your result is in terms of x.

» Draw a triangle to get rid of expressions involving sin 8, cos 8 ,tan 8, etc., which aren't

easily handled by the substitution itself.

_ opposite adjacent opposite
sin@ = cosf = tanf =
hypotenuse hypotenuse

alsoddo

~ adjacent

1 1 _ 1
cotd = — sect =—— csco = = > adjacent




dx
EXAMPLE Evaluate szm

Solution

x =sin@ —— dx = cosf dob

j cos B db j cos 6 db
 ——
sin2 0 vV1 — sin2 6 sinZ @ - cos 6

_ 1—x2

JCSCZH d —— —cot +C —— .




EXAMPLE  Evaluate f J9—xZ dx

Solution

x =3sin@ —> dx =3cosf db

j\/9—9sin29°3c059 dag — j\/9(1—sin28)3c050d9

1
9](:059-(:050519 —— 9fc0520 do —>9J§(1+c0529)d9

2

9
> fd9+fc:0529d9 —_— 2(9+%sin29)+(]




> 9+1 in260 |+ C
> 5 Sin

» sin260 = 2sinf cos 6

9 1 9 9
-6 +—=-2sin@cosf |+ C —— 59+—sin9cos€+(]

2 2 2

X
x =3sinf — sin9=§ — 9=sin‘1(




EXAMPLE Evaluate

f\/ész +1
Solution

2x =tanf — x = ltane —_— dx = EseCZH do

sec 6 do 1 sec?0 db 1fsec2 0 do
ﬁ —
Vsec? 6

4 . —tan29+1

e
\/ 2) +tan?26 + 1

1
Ejsece dg — > In|secf + tan 0| + C

1
Eln‘\/4x2+1+2x + C




EXAMPLE  Evaluate f\/xz 9

X

dx
Solution

X

x =3secl ——> dx =3secOtanf df — S€C9=§ —— 0 =sec”

j\/9sec29—9

3 sech -3secftanb dH—»j\/‘)(secZH—l)-tanH dg —— 3]tan29d9

f(secze—l)de — 3 fseczﬁdﬁ—fdﬁ

3(tanf — 60) + C —>3<

Vx2—9—3sec?! (E) + C

3
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» The method of partial fractions is used to integrate rational functions. That

i) dx Wwhere P,Q are polynomials.
Q (x)

IS, we want to compute j

» Partial fractions is the name given to a technigue of integration that may be

used to integrate any ratio of polynomials. A ratio of polynomials is called

a rational function.

How do you know when to use partial fractions in integration?

Partial fractions can only be done if the degree of the numerator is strictly

less than the degree of the denominator. That is important to remember.

R T



How many types of partial fractions are there?

The Fundamental Theorem of Algebra thus tells us that there are 4 different

"simplest'* denominator types:

Type 1: Linear Factors:- Suppose that our denominator can be factorized
- completely into distinct linear factors. That Is

Qx) = (x —ay))(x — az) ... (x — ay)

where the values a4, a, ... a,, are all different

X+ 8 : X+ 8 e : B
2+x—2 (x+2)x-1) (x+2) (x-1

R T R T — " — - - — ~—y - - - - - T~ -— — ——a > e —— T N N



Type 2: Repeated Linear Factors:- Suppose that when we factorize Q(x) we

obtain a repeated linear factor. That is, some term of the form (x — a)™ where
m = 2. In a partial fractions decomposition, such a factor produces m seperate
contributions:

. . 0
+ +

G-—™ G—a™ ! -2 (x—a)

x+5 _A+B+C+ D " E
S(eE2)2 0 a3 w2 (i 2)2 (4 2)

A R A — e —y - . T~ T~ - - — — - ——— A W o



Type 3: Quadratic Factors (irreducible factors of degree 2)

Suppose that the denominator Q(x) contains an irreducible quadratic term: a term

of the form ax? + bx + ¢ where b? —4ac < 0

- el 2 2 _A+Bx+C
Yebdy x02+D v w2 E

T T ——— —— —~— —— — g - — - - r— g - -— A T e — I W



Type 4: Repeated Quadratic Factors (repeated irreducible factors of degree 2)

If Q(x) contains a repeated factor (ax? + bx + ¢)™ where ax? + bx + ¢ is

Irreducible and m > 2

. Ax + B Cx+ D n Ex+ F

(ax? + bx + c)™ 2 (ax? + bx + c)m-1 i (ax? + bx + ¢)

il
(x% + 2x + 5)%(x — 3)3
xR Ax + B - Cx+D : E i F b G
(X2 4+2x+5)2%2 (x24+2x+5 (x—-3)3 (x—3)2 (x—23)

T T — g g~ — - - ~— - - - Vo - gt — — g A W T nT—



In mathematics we often combine two or more rational expressions into one.

4 3 4(x —2) +3(x + 1) 4x—8+3x+3 2X=9

>

_|_

x+1 x—2 (x+ 1)(x—2) xX? —2x+x—2

- Occasionally, however, the reverse procedure is necessary. The problem is to
take a fraction whose denominator is a product of factors, and split it into a

sum of simpler fractions.

X2 —x-=2




EXAMPLE  Evaluate j s

Solution £

x + 8 N x + 8 A B

Eaimees e B e e
x + 8

e .
x+ 8

Bz(x+2)(y/1)'x_1)x=1 e

s 3
f = dx+fx_1dx m— 2lnfx 2] F3Inlx o 1EEC

B3ln|lx —1| —=2In|x+ 2|+ C——In|lx — 12 —In|x + 2| + C —

|x — 1]3
In
|x + 2|2

= C

T T R T —— g~ — - -

e

—— R W ——




EXAMPLE  Evaluate

Solution

| 1
J(x—l)z(x+1) 2

1 . A B C
G o)

.IA

1

=
x=-—1

1
ey o ol

1

1
BZM)Z(HD'(MZL:l s

——— - ——~ — g

g T — ] ~-v-m



1

Cz(x—l)z(x+1).(x_1)x=1 St
1 . 14 1/2 C
GETEEEEE e e
1 G ) B 20 F DS C0e - 1) 0e B )
. 12+l (x—12((x+1)

1 1
1=Z(x2—2x+1)+§(x+1)+C(x2—1)

1—12 - +1+1 +1+C2 C
B s e U i

T A T ———— g~ T - — - - - Vo - gt g

— g S W ——



1 . +3+C2 C

—4X 4 9,8

2 g s s o P S
- — —_— . —_— e — N

g 4 4 . 4 2
1/4 1/2 el

d d
. G x+j(x—1)2 A el

1f L j( 12 1] :

Al e o & T

1 16 1) 1 oyt 1

| e . he e - ‘ -

4n|(x+ )|+2 = 4nl(x )| + —>41nx_1 2(x—1)+C

T G ——

T - —— S W ——
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A
&

Type 3: Quadratic Factors (irreducible factors of degree 2)
2
EXAMPLE  Evaluate e hn
(x+1)(x% — 2x + 3)
Solution

x4 +x—3 4 - Bx + C
(x+D(x2-2x+3) ((x+1) &2-2x+3)

x2+x—3 Sk
L 5 (A DGZ —2x+3) x/m‘x__l 455

e




x?+x—3 —1/2 Bx +C

(x +1)(x% —2x + 3) :(x+1)+(x2—2x+3)

x*+x—3 —1/2(x?-2x+3)+(Bx+CO)(x+ 1)

x+ 12 —2x+3) (x + 1)(x2 — 2x + 3)

x>’ +x—-3=-1/2(x*=-2x+3)+(Bx+C)(x + 1)

—1 3
x2+x—3=7x2+x—E+Bx2+Bx+Cx+C X 2

2x° 4+ 2x —6=—x*+4+2x—3+2Bx*+2Bx + 2Cx + 2C

2

=22 =125 B=§



< \o)
2x° 4+ 2x —6=—x*+4+2x—3+2Bx%*+2Bx + 2Cx + 2C

3
X0—> —6=-3+2C CZT
f_l/zd +f3/2x_3/2d L +3f r L -
e A 7L S e e
= +3f il Bl e A e
75 ) DR T\ SRR R Ao Bl



Type 4: Repeated Quadratic Factors (repeated irreducible factors of degree 2)

EXAMPLE. Bl j remxe Hon Rl
(x% + 4)2
Solution

Yo WS 4 Ax + B Cx+D

CammiE G oo

x*+x°+5x+4 (Ax+B)+ (Cx +D)(x* + 4)
(x2 + 4)? N (x2 + 4)?

x3+x°4+5x+4 =Ax+ B+ Cx3 +4Cx + Dx? + 4D

=

©




C 23+ x245x+4 =Ax+ B+ Cx3 + 4Cx + Dx% + 4D 2
SRR R R e
x? - 1=D D=1
Tl 5= 4 LA A1
x > 4=B+4D B=0

X x+1 5 5 j ve j 1
+4)"“dx + dx + d
f(x2+4)2dx+jx2+4dx jx(x L S TR

1f(z+4)‘2 2xd +1f e +1f s
2 Les ) S U SR

b T ‘1(x)+c
o 54l s

(0
o



3 S
EXAMPLE  Evaluate jx iy de
: x* + 6x?
Solution
x3 + 6x — 2 4 +B+Cx+D
x2(x24+6) x2 x x246
3 o -
_ X+ 6x 2~x2 ——>A=—1
x%(x? + 6) x=0 3
x3+6x—2_—1/3+B Cx+D
x2(x2+6)  x2 X x*+4+6
e b6 2 1680w 6) F Brlas G oG D)
x2(x2 +6)




®

—1
x?’+6x—2=?x2—2+Bx3+6Bx+Cx3+Dx2 3

3x3+18x — 6 =—x%2—6+3Bx3 + 18Bx + 3Cx3 + 3Dx?

o G pgar o pre ) ()

1
2 o 0= 13Dy D=
x > 18=188 —— B =1

Substitute the value of B into Equationl — (¢ =0




i+E+CX+D A S =10 D:l

YA v RN 3 3
fuq/Bd-+f1d +j'1ﬂ3 =y +f1d +1J‘ o
x2 x xx x%+ 6 3 < e xx3x2+6x
—1 x‘1+l||+1 1t _1<x>+c
- nlx| +—=--—tan= ‘| —
3 =1 B V6 76

1+1||+ 1t *<x>+c
R nix e e b ) _—
3x 3v/6 V6
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» When the degree of the numerator Is greater than or equal to the degree of the
denominator the fraction is said to be improper. In such cases it is first necessary

to carry out long division.

» To do long division we get the answer one digit at a time, then multiply,

(remainder)
(divisor)

subtract, and get the remainder. Then the answer is (quotient) +




3 2
EXAMPLE  tiiie f 8 e
x2 —3x+2

Solution

3x +1

XS
3x + 1)dx + d
f(x e fx2—3x+2 < X% =3x+2 | 3,3 _gy2 44y 1

d
2)(x — 1) & e 2

- 3x3 T 9x2 ¥ 6x
e
’ ¢x2i3x$2

B

@2 D)




(3x + 1)dx + —dx + dx
J Lae s

o x—1

1 2
3]xdx+fdx—f dx+f dx
X — 2 x—1

3x*
T+x—ln|x—2|+21n|x—1|+C




‘®
- x* + 9x3 4+ 31x2 + 49x + 27

EXAMPLE Evaluate f x3+5x%2+8x+4 i

Solution

X + 4

3 2
x>+ 5x“+8x+4 x4 +9x3 +31x%2 4+ 49x + 27

Tx* +5x3 + 8x2 +4x

A4x3 + 23x% + 45x + 27
T4x3 + 20x2 + 32x + 16

3x%2 + 13x + 11




3x%2 + 13x + 11
x3+5x2+8x+4

(x+4)+
X%+ 4x + 4

(1(4)
(—1)(—4) x3 +5x%+8x+4

@)@) F xS+

2D 4x* + 8x + 4
F4x?% + 4x

Dk 56 1) EBE1) 4 4% + 4
T4x + 4

—1+5—8+4=0

0




3x%?+13x + 11 3x% + 13x + 11
>
(x+1)(x*+4x+ 4) (x + 1D(x + 2)?

3x2+13x+11_ A " B - C
(x+Dx+2)2 (x+1) (x+2)2 (x+2)

. 3x% + 13x + 11
(x4 D(x + 2)2

x+1)|  ——4=1

x=-1

- 3x%2 + 13x + 11
Sl D 2)2




o e ] 1 3 C

GE DGR o ) 0

32 t 3+ 11 (b 208 30 k1) F Gl 106 4 2)

el 22 (x + 1)(x + 2)2
3x2+13x+11=x%24+4x+4+3x+3+Cx%2+3Cx+2C

SR e s, (G =)

.x4+9x3+31x2+49x+27 1 3

= (x+4) + + +
e e o L D)

2




@fx4+9x3 + 31x% + 49x + 27

d
%5+ 5xé B f 4 §

=f(x+4)dx+j(xil)dx+J(xfz)zdx+f(xi2)dx

fxdx+4fdx+f(xi1)dx+3f(x+2)‘2+2j(xiz)dx

Lo ek 2
7% + 4x + In|x + 1| + 3 | +2Inlx+ 2|+ C

1 3
—x?+4x +In|x + 1| — +2In|x +2|+C
2 (x +2)
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» Integration by parts is a technig

J

ue used to solve integrals that fit the form:

udv

» This method is to be used when normal integration and substitution do

not work.

» The Integrand must contain two

separate functions. For example,

j x cos x dx contains the two functions of cos xand x. Note that 1dx can

be considered a function.

N T — — —————




» The standard integration by parts formula is:

fudv=uv—jvdu

» The problems that most students encounter with this formula are the

substitutions for v, av, v, and au. Two possibilities exist for substitutions.

1- If one of the functions cannot be integrated, assign « to the function. For

example j .
nx ax

In x cannot be integrated so, u = Inx and dv = 1dx

N T — — ————— -~ - - - - - e ———— — TmE— g



2- If both functions can be integrated, then assign « to the function that

eventually differentiates to zero. For example

jxexdx

Both e*and x can be integrated. Continually differentiating e* will never yield

zero. However, x will differentiate to 0. So, u = x and dv = e*dx

A special case arises when both functions never differentiate to 0. For example
f e’ sinx dx

U = sinx dv = e”* dx

T e ——— -



An acronym that is very helpful to remember when using integration by parts

is L /AT E. Whichever function comes first in the following list should be u:

L | Logarithmic functions In(x) ,log,(x), etc.

| |Inverse trigonometric functions |sin™'(x) ,cot™!(x) , etc.

A | Algebraic functions x , x2 \/x3, etc.
T | Trigonometric functions sin(x), sec(x), etc.
E | Exponential functions e* 7% .etc




EXAMPLE  Evaluate flnx dx

Solution

u=Inx dv = dx
1

du = — V=X
X

[

udv = uv — j vdu

1
Jrlnx dx=lnx-(x)—jx-;dx — xlnx—fdx

aJlnx dx =xlnx—x+7C

-

R R R R R RO R RO RO OO, e RS

—



EXAMPLE  Evaluate J i)

2 1

Solution
7 = sin® (x) dv = dx
d . V=X
U — =
m
1
udv =uv—fvdu S fsin‘l(x) = sin™1(x) -x—jx-
J s
; S — =
sm‘l(x)-x—f(l—xz) 2 - x dx — Sin_l(x)-x—Tf(l—xz) 2 - —2xdx
1
. QL )z
x+sinTi(x) + = +C —— x-sin"'(x)++1—-x2+C

——Te——— T— ~ ~——— ———— -— -— - - - - — e ——— =,




EXAMPLE  Evaluate j s %

Solution
=y dv == ex
du =1 = ex

.
- udv=uv—j17du

f'

xexdx=xex—fex°1dx

jx e* dx =xe* —e*+C

- — e e

R —p——— —
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Some integrals must repeat several times before simplification is complete.

EXAMPLE Evaluate sz e* dx

Solution

u:xz dv = e”*

du = 2x v=e*

judv=uv—jvdu —>sz exdx=xzex—jex-2xdx

Uu=x
du =1

fudv=uv—fvdu —»fex-xdx=xex—fexdx—> xeX —eX*+C




sz exdx=xzex—2jexxdx

x2e* — 2(xeX —eX) + C — x%e* —2xe* +2e*+C

Method 2

sz e* dx

x%e? —2xe* +2e*+C




A special case arises when both functions never differentiate to O.

EXAMPLE  Evaluate f ¥ sinx do

Solution

U =-sInx

du = cosx

Judv=uv—Jvdu —_— fexsinx dx = sinx ex—jexcosx dx

Jex cos x dx

u =cCosx

du = —sinx




fexcosxdx —_— excosx—j—exsinxdx—> excosx+fexsinxdx

-.-fexsinx dx = sinx ex—fexcosx dx

e*sinx dx = sinx e”* excosx+fexsinxdx

J
J

ZJexsinx dx =sinx e* —e*cosx ——» jexsinx dx =

e*sinx dx = sinx e* excosx—jexsinxdx

sinx e* —e* cosx
2

1 1
fexsinx dx =Eexsinx—§excosx+C




EXAMPLE  Evaluate j clnx do

Solution

u = lIn dv = xdx

1
= — 2
1% ZX

1
fudv=uv—fvdu —»fxlnx dx=1nx-§x2—j

1 1j 1 1 x2

xdx — =x?lnx——=-—+20C

A2 _
x“lnx > >

2 2

fxlnx dx ——on %lenx—%x2+C
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